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PREFACE. 



The two Memoirs by M. Chasles, " On the Properties 
of Cones of the second Degree," and " On the Spherical 
Conies," of which a translation is now presented to Eng- 
lish geometers, were printed in the sixth volume of the 
Transactions of the Royal Academy of Brussels. Whe- 
ther they are considered merely as exercises of pure 
geometry, exhibiting its elegance and power in a re- 
markable degree, or as a rich and early contribution to 
the theory of spherical curves, they possess strong claims 
on the attention of mathematicians. 

But, published as they were, they remained unseen 
by the greater number of our geometers, so that it 
appeared highly desirable to make them more generally 
known by means of a reprint or translation ; more es- 
pecially as there is no detached work in the English 
language treating of the same subject. Most readers 
would doubtless prefer to see M. Chasles' Memoirs 
reprinted in their original language; but the small 
additional trouble which the translation of them has 
cost, will not have been vainly incurred, if a few readers 
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benefit by it who are not perfectly familiar with the 
French idiom. 

The matter contained in the Notes and Additions by 
'the Translator is for the most part original. Some theo- 
rems relating to the anharmonic function of four points 
and to the involution of six points, have been borrowed 
from the notes to M. Chasles' admirable Histoire de la 
Geometric. 

in the Appendix will be found the outline of a 
system of analytic geometry, intended to accomplish for 
the surface of the sphere what the method of rectilinear 
coordinates has already effected for the plane. The 
Author has barely traced this outline : any reader tole- 
rably conversant with the common processes of algebraic 
geometry will be able to fill it up ; and none will com- 
plain of the incompleteiiess of a sketch which comprises 
in five and twenty pages the leading principles of the 
algebraic geometry of the sphere, and their application 
to the spherical conies. Those who are anxious to 
pursue this subject farther, will find formulas for the 
transformation of spherical coordinates, and a discussion 
of the general equation of the second degree, in a paper 
which the Author had the honour of laying before the 
Royal Irish Academy on the 28th of June, 1841. 

The twelfth volume of the Transactions of the Royal 
Society of Edinburgh contains two elaborate papers on 
the use of spherical coordinates, by Mr. S. T. Davies. 
The method which he employs leads him necessarily to 
unsymmetrical results, just such as we should meet with, 
if, in the analytic geometry of the plane, we restricted 
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ourselves to the use of polar coordinates ; and, in fact, 
Mr. Davies' method ought to be called that of spherical 
polar coordinates. But it may often Hbe used with ad- 
vantage ; a few of the formuls most necessary in its 
application are therefore given in the thirteenth section 
of the Appendix. 

After the Author had constructed the theory of 
spherical coordinates, which he now lays before the 
reader, his attention was directed, by a note attached to 
one of Mr. Davies' papers, to articles published by Pro- 
fessor Gudermann, of Cleves, in Crelle*s Journal of 
Pure and Applied Mathematics. From them he learned, 
to his regret, he must own, that he had been antici- 
pated in the choice of his coordinates by Professor 
Gudermann, who has employed them successfully in 
investigating general properties of the spherical conies. 
However, as the Author has not yet been able to pro- 
cure the work on Analytic Spherics, written by the Pro- 
fessor, and referred to in the papers inserted in Crelle's 
Journal, he is ignorant as to whether he has been also 
anticipated in the use of the differential calculus in dis- 
cussing curves represented by an equation between 
spherical coordinates, and in the invention of general 
formulae for the transformation of such coordinates. 
These steps being made, the theory is complete, and 
nothing remains but to apply it. 

The Author had intended to add a second Appendix, 
containing those theorems relative to the plane conic 
sections, which may be deduced from the properties of 
the spherical conies stated in his Notes and Additions, 
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but he leaves this to the reader, who will find no diffi- 
culty in doing it. 

The Members of the Board of Trinity College, 
Dublin, have contributed, with their wonted liberality 
towards the expense of publishing this work. It is in- 
tended for the use of undergraduate students in the 
University of Dublin ; and, it is hoped, may be useful 
in directing their prevailing taste for pure geometry to 
interesting and worthy objects. 
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In a preceding Memoir on the general properties of the sur- 
faces of revolution of the second degree, inserted by order of 
the Royal Academy in the collection of its memoirs, we de- 
monstrated various properties of the cones of the second degree, 
which presented themselves as immediate consequences of the 
principles which we had founded upon the polar transforma- 
tions of these cones and of the conic sections. 

We now propose to discuss, by a direct method, some of the 
general properties of the cones of the second degree. We 
might have continued to employ the theory of polar transfor- 
mations ; but there is a more simple mode of proceeding, alto- 
gether independent of this theory. This mode is purely geo- 
metrical, requiring only a knowledge of the most elementary 
properties of the circle. 

The only properties of the cones of the second degree which 
we shall assume as known are the two following : 

" In every cone of the second degree there are three rectan- 
gular conjugate axes. There are also two series of circular 
sections, situated in planes parallel to two fixed planes." 

This second proposition, which we receive without demon- 
stration, as it is to be found in the elementary treatises on 
surfaces of the second degree, is the basis of our entire work ;* 
and the numerous theorems to which we shall be led will all 
be deductions from this principle ; and easy deductions, inas- 
much as they will appear to result from elementary properties 
of the circle ; so that we might say that our various theorems 

* This general property of the cones of the second degree is due, I 
believe, to Descartes, who demonstrated it by the new principles of his 
geometry. His proof is to be found in the 6th vol. of his Lettres (l2mo. 
ed. 1724, 1725.) 

B 
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are, as it were, inscribed upon the planes of the circular sections 
of the cones of the second degree. 

These theorems might also be demonstrated by algebraic 
analysis ; but this method, which in general offers so great 
advantages, loses them all in this case, since it often requires 
very tecUous calculations, and exhibits no connexion between 
the different propositions ; so that it is only useful in verifying 
those which are already known, or whose truth has been 
otherwise suggested as probable. 



SECTION I. 

PRELIMINARY CONSIDERATIONS. 

1. A cone of the Second degree is one which has a conic 
section for its base. 

Let there be two tangent planes ; their traces on the 
plane of the conic section will be two tangents to this curve ; 
the plane containing the two sides of the cone along which 
it is touched by me tangent planes, will meet the plane 
of this conic section in the chord which joins the points of 
contact of the two tangents ; this chord is the polar, with 
relation to the conic section, of the point of concourse of 
the two tangents : hence we say that the plane of the two 
sides, along which the two tangent planes touch the cone, is 
the polar plane^ with relation to the cone, of the right line of 
intersection of these two tangent planes ; and this right line 
is called the polar of the plane of these two sides of contact. 

It is well known that, in the conic section which is the base 
of the cone, all the right lines drawn through the same point 
have their poles upon the polar of this point ; it follows, there- 
fore, that 

In a cone of the second degree^ all the planes parsing through 
the same axis* have their polars situated in the polar plane of 
this axis. 

Hence, if, in the polar plane of any axis, we draw arbitrarily 
a second axis, the polar plane of tms latter will pass through 
the first axis ; and so these two axes are called conjugate : then- 
polar planes are also said to be mutually conjugate ; so that 
two diametral planes of a cone of the second degree are 
conjugate, when the polar of one of them is in the other plane, 

2. Since every transversal plane, which cuts the cone in a 
conic section, cuts the polar plane of any axis in a right line 

* We apply the name ** axis'* to every right line passing through the 
vertex of tne cone. 
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which is the polar, with relation to the conic section, of the 
point where this plane meets this axis, it follows that if this 
transversal plane be parallel to the polar plane of the axis, it 
will cut the cone in a conic section whose centre will be the 
point where it cuts this axis, since the polar of this point will 
be at an infinite distance. 

Hence, the polar plane of any axis of a cone is such that 
every plane which is parallel to it cuts the cone in a conic 
section whose centre is upon this axis ; and conversely, the 
polar axis of a plane is the geometrical locus of the centres of 
the sections made in the cone by planes parallel to this plane. 

3. Through the vertex of a cone of the second degree, we 
miffht draw, in an infinite number of diflFerent ways, three 
right lines such that each of them should be the polar of the 
plane of the two others. For, after having taken the polar 
plane of one right line, let us take the polar plane of a second 
right line drawn in this first polar plane ; these two planes 
will intersect in a third right line, which will be the polar of 
the plane of the two first ; so that these three right hues will 
be so related to each other that each of them will be the polar 
of the plane of the two others ; and consequently, each of 
them is the locus of the centres of the sections made in the 
cone by planes parallel to the plane of the two others : these 
three right lines form a system of conjugate axes. 

Hence, in every cone of the second degree there is^n infinite 
number of systems of three conjugate axes. 

4. It is clear that three conjugate axes meet a transversal 

f)lane, in three points of which each is the pole of the right 
ine which joins the two others, with relation to the conic 
section in which this plane cuts the cone ; if, therefore, this 
plane be parallel to the plane of two of the three conjugate 
axes, it will cut the two other faces of the trihedral angle 
formed by these three axes, along two conjugate diameters of 
the conic section in which this plane cuts the con^. 

These properties of three conjugate axes of a cone of the 
second degree shew that it is very useful in analytic geometry 
to take three conjugate axes for the three axes of coordinates, 
X, y, Zj because then the equation of the cone contains only 
the squares of the three coordinates. For every plane paral- 
lel to the plane of two of these axes will cut the cone in a 
conic section which will have its centre upon the third axis, 
and two conjugate diameters respectively parallel to the two 
first axes; consequently, the equation of the projection of 
this conic section upon the plane of the two first axes will be 
referred to two conjugate diameters, and will, therefore, con- 
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tain only the squares of the two coordinates ; which proves 
that the equation of the cone itself contains only the squares 
of the three coordinates. 

5. It is known that, amongst all the systems of conjugate 
axes belonging to a cone of the second degree, there is one in 
which the three axes are rectangular. Bence, every plane 
perpendicular to one of these axes cuts the cone in a conic 
section which has its centre upon this axis, and its principal 
diameters parallel to the two other axes. 

One of these axes lies in the interior of the cone, and every 
plane which is perpendicular to it cuts the cone in an ellipse ; 
the two other axes are outside the cone, and every plane per- 
pendicular to either of them cuts the cone in a nyperbola 
whose asymptotes are parallel to the two sides of the cone, 
which are parallel to the cutting plane. 

Of the tnree rectangular conjugate axes, the one which lies 
in the interior of the cone will henceforward be designated as 
the principal axis of the cone ; that which is paraUel to the 
major axis of the ellipse, in which the cone is cut by a plane 
perpendicular to the principal axis, will be called tne major 
axis of the cone ; and the one which is parallel to the minor 
axis of this ellipse, will be denominated the minor axis of 
the cone. 

The plane which contains the principal axis and the major 
axis win be the plane of the greatest section of the cone ; the 
plane which contains the principal axis and the minor axis 
will be the plane of the least section of the cone ; and finally, 
the plane which contains the major and the minor axes will 
be the principal plane of the cone. 

It is manifest, that the principal plane does not cut the cone 
along any side ; that, among all planes which can be drawn 
through the principal axis, the plane of the greatest section is 
that which cuts tne cone along the two sides which contain 
between them the greatest angle ; and that the plane of the 
least section is that which cuts it along the two sides which 
contain between them the least angle. 

The tangent planes to the cone passing through the axis 
major, touch it along the two sides contained in the plane of 
the least section ; the tangent planes passing through the 
minor axis touch it along the two sides contained in the plane 
of the greatest section ; and finally, through the principal axis 
no tangent plane can be drawn to the cone. 

It is further to be remarked, that every plane passing 
through the principal axis cuts the cone along two sides, 
which make equabangles with this axis ; and that if a plane, 
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passing through the major or minor axis, cuts the cone, the 
two siaes of intersection will also make equal angles with this 
axis. 

If the section of the cone, made by a plane perpendicular to 
its principal axis, be a circle, instead of being an ellipse, all 
the sides of the cone will make the same angle with this prin- 
cipal axis, and the cone will be one of revolution. 

6. Let there be a cone of the second degree ; through its ver- 
tex let us draw right lines perpendicular to its taneent planes, 
they will form a second cone, wtich will be of the second 
degree ; since every plane passing through its vertex can only 
cut it along two sides ; for if a plane were to cut it along three 
sides, these sides would be perpendicular to three planes 
touching the proposed cone, which planes would pass through 
the same right line perpendicular to the plane of the three 
sides ; which is impossible, since through a right line only two 
tangent planes can be drawn to a cone of the second degree. 
Consequently, the second cone is of the second degree. 

Two adjacent sides of this cone, that is, two sides infinitely 
near, are perpendicular to two adjacent planes touching the 
proposed cone ; the plane of these two sides is perpendicular 
to the right line of intersection of the two adjacent tangent 
planes ; that is to say, the tangent planes to the second cone 
are perpendicular to the sides of the first ; we have, therefore, 
the following theorem : 

The right lines drawn through a Jixed point perpendicular^ 
to the tangent planes to a cone of the second degree^ form a 
second cone of the second degree ; 

And the tangent planes to this second cone are perpendicu- 
lar to the sides of the first. 

7. Hence, to each side a in the first of the two cones cor- 
responds a plane p touching the second cone, which plane is 
perpendicular to this side a. 

This plane p touches the second cone exactly along the 
side which corresponds to the plane touching the first cone 
along the side a. For the side of contact of the plane p and 
of the second cone is perpendicular to a plane touching the 
first cone ; this plane will necessarily pass through the per- 
pendicular to the plane p, which is the side a of the first cone; 
It will therefore touch this cone along this side a. There- 
fore, 

To a side of the first cone and to the tangent plane parsing 
through this side^ correspond a tangent plane to the second 
cone and the side of contact with this tangent plane. 

8. To two planes touching the first cone correspond two sides 
of the second cone ; the plane of these two siaes is perpen- 
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dicular to the right line of intersection of the two tangent 
planes, and the planes touching the second cone along these 
sides are perpendicular to the sides of contact of the two 
planes touching* the first cone ; their right line of intersection 
is perpendicular to the plane of these two sides of contact ; 
therefore, 

To a right line and to its polar plane 9 with relation to the 
first cone, correspond a plane and its polar, unth relation to 
the second cone. 

9. Hence it follows, that to two conjugate axes of the first 
cone correspond two conjugate planes of the second cone. 

For the polars of these two planes, with relation to the 
second cone, will correspond to the two polar planes of the 
two axes of the first cone ; these two planes mutually pass 
through these two axes, since these axes are conjugate ; there- 
fore, the two right lines which correspond to these planes are 
mutually in the diametral planes of the second cone, which 
proves that these two planes are conjugate (1). 

10. To two right lines drawn arbitrarily through the vertex 
of the first cone, will correspond in the second cone two 
planes, containing between them an angle equal to the sup- 
plement of that of the two right lines ; the intersection of 
these two planes will be perpendicular to the plane of the 
two right hues. 

These relations between the two cones are the same as those 
which exist between two supplementary trihedral angles, or 
between two supplementary spherical triangles ; on this ac- 
count we shall call the two cones supplementary one to the 
other. 

From what has been said, it is plain that the properties rela- 
tive to the angles contained by certain planes ana right lines 
passing through the vertex of the first cone will give rise to 
properties of corresponding right lines and planes in the second 
cone ; so that the properties of cones of the second degree are 
double, as well as those of spherical triangles. 

11. Let us suppose that the two supplementary cones have 
the same vertex* 

To three conjugate diameters of the first cone will evidently 
correspond thifee conjugate diametral planes of the second 
cone (9). Therefore, to the three rectangular conjugate dia- 
meters of the first cone will correspond the three rectangular 
conjugate diametral planes of the second. To the principal 
axis of the first cone will correspond the principal plane of the 
second ; so that the two cones will have the same principal 
axis and the same principal plane. But the plane of the 
greatest section of the first will be the plane of the least sec- 
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tion of the second, since the angle between the two sides of 
the second cone contained in this plane will be the supplement 
of the angle between the two sides of the first cone contained 
in this plane : in like manner, the plane of the least section 
of the first cone will be the plane of the greatest section of 
the second. It follows, that the major axis of the first cone 
will be the minor axis of the second, and the minor axis of 
the first cone will be the major axis of the second. 

12. It is known that every cone of the second degree may 
be cut in circular sections by two series of planes parallel to 
two fixed planes ; and that these two fixed planes bemg drawn 
through the vertex of the cone, pass through its major axis, 
and are therefore perpendicular to the plane of the least sec- 
tion. 

As these two fixed planes possess a great number of proper- 
ties which we are about to state, we are under the necessity 
of designating them by a particular name, and we shall call 
them cyclic planes. 

Thus, the cyclic planes of a cone of the second degree are 
two fixed planes passing through its vertex, and parallel to 
the planes of the circular sections of the cone. 

13. Two conjugate axes of the cone contained in a cyclic 
plane, are always at right angles, since they are parallel to 
two conjugate diameters of the section of the cone made by a 

Elane parallel to the cyclic plane, this section being a circle ; 
ence. 
The cyclic planes of a cone possess this characteristic pro- 
perty, that 

Two conjugate axes of the cone contained in a cyclic plane 
are always at right angles. 

14. To the cyclic planes of a cone correspond, in the sup- 
plementary cone, two right lines perpendicular to these cyclic 
planes. Two conjugate axes of the first cone, contained in a 
cyclic plane, being at right angles (13), we infer that two 
conjugate planes of the supplementary cone, passing through 
one of the two right lines just mentioned, are at right an- 
gles. 

A plane perpendicular to one of these right lines will cut 
the cone in a conic section, and the two conjugate planes in 
two right lines perpendicular to each other, and such that the 
pole of one of them, with relation to the conic section, will be 
upon the other right line (1). Thus, the point where the 
cutting plane meets the right line in question is such that 
every secant passing through this point has its pole, with 
relation to the conic section, upon the perpendicular to this 
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secant passing through the point. This proves that the 
point 18 ajbcus of the conic section* 

Hence, every plane perpendicular to one of the two right 
lines just mentioned cuts the cone in a conic section, one of 
whose foci is upon this ri^ht line. 

These two nght lines, being perpendicular to the two cyclic 
planes of the first cone, are in the plane of its least section 
(12), and are consequently in the plane of the greatest section 
of the supplementary cone (11)* We have, therefore, this 
general property of cones : 

In every cone of the second degree there are two right lines 
lying in the plane of its greatest section^ which possess the 
property that every plane perpendicular to one of them cuts 
the cone in a conic section^ one of whose foci is upon this 
right line. 

In the first memoir above referred to, we proved the exist- 
ence of these two right lines by means of the theory of polar 
transformations, and we called them ^caZZmc^ in consequence 
of the characteristic property which we have just stated; but 
we did not there observe that two conjugate planes passing 
through one of these two right lines are always at right 
angles. 

15, From what precedes it results, that 

In two cones of the second degree^ supplementary one to the 
other^ the focal lines of one correspond to the cyclic planes of 
the other. 

This theorem is very important, since it follows from it that 
the properties of the focal lines are consequences from those 
of the cyclic planes, and vice versd. 

* In what follows, we shall not take for granted any of the properties 
of the foci of the conic sections ; these properties might even be deduced 
from those which we are about to demonstrate with reference to the cones 
of the second degree. However, it is necessary to define the foci of a 
conic section by some one of their properties. That which we have em- 
ployed here to characterize these points is not, it is true, the most gene- 
rally known ; but it is kno^Ti, and we are indebted for it to De Lanire ; 
M. Poncelet has proved it, and has applied it with advantage in his 
*' Traite des Proprietgs Projectives" (p. 260, Nos. 451 and 453.) We 
shall take another opportimity of showing that this property adapts itself 
to the study of the conic sections with more readiness than many others 
equally characteristic. Moreover, it must be remarked, that we here define 
the foci of a conic section by the property in question merely to justify 
the designation of focal lines, which we adopt for the two axes of a cone 
of the second degree perpendicular to the cyclic planes of the supplemen- 
tary cone. But all the properties of these two axes which we are about 
to prove are quite independent of the foci of the conic sections ; and any 
one of these properties might as well be fixed upon to justify the designa- 
tion of focal lines. 
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Thus, it will be sufficient for us to prove the one, and merely 
to state the others, without actually giving a particular demon- 
stration of these latter. 

16. First, let us lay down some properties of the circular 
sections of a cone, which we shall have to make constant 
use of. 

When we consider two circular sections of a cone whose 
planes are not parallel, we call them antiparallel or subcon-- 
trary sections. 

Through each point on the surface of a cone of the second 
degree, two subcon trary sections can be made to pass ; for it 
is sufficient to draw through this point two planes parallel to 
the two cyclic planes of the cone. 

17. Every sphere passing through a circular section of a 
cone cuts this cone in a second subcontrary circular section. 

For, any side of the cone penetrates the sphere in two points, 
the rectangle under the distances of which from the vertex of 
the cone is constant: one of these points is on the plane of the 
circle through which the sphere has been made to pass ; con- 
sequently, the other point is upon a sphere passing through 
the vertex of the cone, and having its centre upon the perpen- 
dicular let fall from the vertex upon the plane of this circle ; 
(see the note at the end of this memoir ;) the intersection of 
the first sphere and the cone is upon this second sphere, which 
proves that this intersection is a circle. The plane of this 
second circle cannot be parallel to the plane of the first ; for 
in that case the cone would evidently be one of revolution. 
This second circle is therefore a subcontrary section with 
relation to the first : the theorem is therefore demonstrated. 

It follows from hence, that 

A sphere can be made to pass through any two subcontrary 
sections of a cone of the second degree. 

18. Let us suppose that the plane of one of the two circles 
approaches indefinitely towards the vertex of the cone; as this 
plane is always parallel to a cyclic plane, when this circle de- 
generates into a point which is tne vertex of the cone, the 
sphere will touch this cyclic plane ; therefore. 

Every sphere parsing through a circular section and through 
the vertex of a cone of the second degree j touches a cyclic 
plane ; 

And conversely, 

Every sphere passing through the vertex of a cone of the 
second degree^ and touching a cyclic plane^ cuts the cone in a 
circle, whose plane is parallel to the second cyclic plane of 
the cone. 



10 ON THE GENERAL PROPERTIES 



SECTION II. 

PROPERTIES OF THE TWO CYCLIC PLANES OF A CONE CONSI- 
DERED SIMULTANEOUSLY; AND PROPERTIES OF THE TWO 
FOCAL LINES OF A CONE CONSIDERED SIMULTANEOUSLY. 

19. The properties of the cyclic planes of a cone are of two 
kinds ; some have reference to these two planes considered 
simultaneously, others to only one of these planes. It is as 
easy to state the one as the other ; but as the former appear 
in some degree to be more characteristic, we shall commence 
with them. 

The two focal lines of a cone, as appears from theorem 
(15), will be found to possess properties corresponding to those 
of the two cyclic planes. 

20. Let tnere be a cone of the second degree ; let it be cut 
by two planes parallel to its two cyclic planes ; the sections 
will be two circles lying on the same sphere (17). Each side 
of the cone meets tliese circles, and tne tangent plane to the 
cone along this side cuts their planes in two right lines which 
are the tangents to these circles, passing through the points 
where the side meets them : these two right lines are there- 
fore tangents to the sphere which passes through the two cir- 
cles. iSow, two tangents to a sphere lying in the same plane 
make equal angles with the chord which joins the two points 
of contact ; here this chord is the side of the cone ; the two 
tangents are respectively parallel to the two right lines in 
which the tangent plane intersects the two cyclic planes. We 
have, therefore, the following property of the cyclic planes, 
and, consequently, the property of the focal lines stated in the 
second column : 

Every tangent plane to a cone of The planes passing through the 

the second degree intersects the two two focal lines of a cone of uie se- 

cyclicplanesin two right lines, which cond degree and through any side 

make equal angles with the side of whatever, make equal angles with 

the cone along which it is touched the plane touching the cone along 

hy the tangent plane. that side(a). 

(a) This theorem and the second in No. 24, have been already given by 
M. Magnus, of Berlin (Annales de Math^matiques, August, 1825.) As to 
all the other properties of the cones of the second degree contained in this 
memoir, we believe they are quite new, with the exception of some which 
we have already stated in our Memoir on the surfaces of revolution of the 
second degree, inserted in the 5th vol. of the- New Memoirs of the Royal 
Academy of Brussels. 



OF CONES OF THE SECOND DEGREE. 11 

21. Conversely, 

If a cone be such that its tangent If a cone be such that the planes 

plane, passing through any side, in- passing through two fixed axes and 

tersects two fixed planes in two through any side whatever, make 

ri^ht lines, making equal angles equal angles with the plane touch- 

with that side, this cone is of the ing the cone along that side, this 

second degree. cone is of the second degree. 

In order to demonstrate the first theorem, let us draw two 
planes p, p^, parallel to the two fixed planes. LetM, m^, m^', m^'\ 
DC the points where four consecutive sides infinitely near to 
one another meet the first plane p, and let »i, m\ m"^ m"\ 
be the points where these same sides meet the second plane p'. 

Let us imagine the circle which passes through tne three 
points M, m', m'', to be the base of a second cone, having the same 
vertex s, as the proposed cone ; the section of this cone made 
by the second plane p' will pass through the points m, m\ m"y 
and this curve will be a circle ; for (by hypothesis) the two 
right lines mm^, mm'^ making equal angles with the side SMm, 
the plane of the circular section of the second cone passing 
through the point m will pass through the right line mm\ as 
appears from the preceding theorem ; the two tangents m'm", 
m'm" also making equal angles with the side sm'w , the plane 
of this circular section will ukewise pass through the tauj^ent 
imlm" ; this plane will, therefore, be exactly the plane of the 
three points m, m', m" ; so that p, p' will be the planes of two 
subcontrary sections of the second cone: the tangents to these 
two sections passing through the points m'', w!\ will, there- 
fore, make equal angles with the side sm"«i'' (20) ; but the 
two right lines m'^m''^ nJ^ml" make (by hypothesis) equal 
angles with that side; these two right lines are, therefore, 
actually the tangents to the two circular sections of the second 
cone : for, through the two points m", m" only two right lines 
can be drawn in the planes p, p', which make equal angles with 
the side SM"m^\ since these two right lines intersect at the 
point where the plane, drawn at right angles to this side 
through the middle point of the segment m"»i'', meets the in« 
tersection of the two planes p, p'. 

Hence, it is proved that the circle passing through three 
points infinitely near, m, m^ m^^, assumed in the section of the 
proposed cone made by a plane parallel to one of the two fixed 
planes, passes always through a fourth point m''' of this curve 
infinitely near the former ; for the same reason, this circle, 
passing through the three consecutive points m', m", m^'^, will 
pass through a fifth point, and again, through a sixth ; which 
proves that this base is itself a circle ; or, in other words, the 
osculating circle of this curve has at every point in it a con- 
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tact with it of the third order, from which it follows that this 
curve can only be a circle. Thus we have proved the first 
theorem, and consequently the second. 

22. The two theorems (20) are particular cases of the fol- 
lowing : 

Every plane passing through two The planes passing through the 
sides of a cone of the second degree two focal lines of a cone of the se- 
intersects the cyclic planes in two cond d^ree and through the right 
right lines which respectively make line of mtersection of two tangent 
equal angles with these two sides. planes to the cone respectively make 

equal angles with these two tangent 
planes. 

It is suflScient to prove the first of these two theorems. 
For this purpose, let us take two subcontrary sections of 
the cone ; the plane of the two sides cuts the planes of these 
two circles along two chords, which form, with the portions of 
the two sides lying between these chords, a plane quadrilate- 
ral, inscribed in the circle in which the plane of this quadrila- 
teral intersects the sphere, on the surface of which are the two 
subcontrary sections ; two opposite angles of this Quadrilate- 
ral are, therefore, supplemental one to the other ; nence the 
two chords respectively make equal angles with the two sides 
of the cone. These chords are parallel to the right lines in 
which the plane of the two sides intersects the two cyclic 
planes ; the first theorem is, therefore, proved ; the second 
follows from it. 

In the memoir above referred to we had already proved these 
two theorems in two different ways ; first, as a consequence 
from the properties of the lines of curvature of a hyperboloid 
of one sheet ; and again, as a consequence from the proper- 
ties of surfaces of revolution of the second degree, 

23. Two planes touching a cone The four vector planes, passing 
of the second degree along any two through the two focal lines of a 
sides, intersect the two cyclic planes cone of the second deeree and 
in four right lines, which are the through any two sides of the cone, 
generatrices of the same cone of re- are tangents to the same cone of re- 
volution, whose axis of revolution volution, whose axis of revolution is 
is perpendicular to the plane of the the right line of intersection of the 
two sides of contact. two planes touching the proposed 

cone along the two sides. 

Let us prove the first theorem. 

The first tangent plane intersects the two cyclic planes in 
two right lines, making equal anffles with the side of contact 
(20) ; therefore, these two right lines make equal angles with 
every plane passing through this side ; consequenUy, they 
make equal angles with the plane of the two sides. In like 
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manner the second tangent plane intersects the two eycKc 
planes in two riffht lines, which make equal angfles with this 
same plane of t% two sides. ^ ^ 

Now let us imagine a plane parallel to one of the cyclic 
planes ; it will cut the cone in a circle, and the two tangent 
planes to the cone in two tangents to this circle ; these two 
tangents will be parallel to the two right lines in which the 
cyclic plane intersects the two tangent planes ; but these two 
tangents make equal angles with the chord which joins their 
points of contact, and, consequently, they make equal angles 
with every plane passing through this right line ; they, there- 
fore, make equal angles with the plane of the two sides of 
contact with the tangent planes. 

Hence, it follows, that the four right lines of intersection 
of the two cyclic planes with the two tangent planes, make 
equal angles with the plane of the two sides ; consequently, 
they make equal angles with the right line perpendicular to 
this plane, which proves that they are generatrices of the same 
right cone, whose axis of revolution is perpendicular to the 
plane of the two sides of contact, q. e. d. 

24. The sum or the difference The sum or the difference of the 

of the angles, which each tangent angles, which each side of a cone of 

plane to a cone of the second degree the second degree makes with its 

makes with the two cyclic planes, is two focal lines, is constant. (See 

constant. note to 20.) 

These two theorems may be respectively deduced from the 
two preceding ones in the same manner : we mean to prove the 
second, since the figure it requires is easily constructed. 

Let there be a sphere, whose centre is at the vertex of a 
cone, it will meet the two focal lines, (supposed to be prolonged 
within a single sheet of the cone,) in two points f, f' ; it will 
meet any two sides of the cone in two points, wi, n; and the 
four vector planes passing through these sides, in four arcs of 
great circles, whicn will touch a small circle of the sphere 
formed by the intersection of the sphere with the right cone, to 
which the four vector planes are tangents. (23, second column.) 

As the arcs fw, f'wi, fw, f^w, measure the angles which 
the two focal lines make with the two sides of the cone, our 
object is to prove that the sum of the first two is equal to the 
sum of the two latter. 

Let a, a\ 5, b\ be the points where these four arcs respec- 
tively touch the small circle. 

The two arcs wa, ma* are equal, as being drawn from the 
same point m^ to touch the small circle ; hence we conclude 
that fw + f'w = Fa + v*a\ 

In like manner, the arcs nfr, rib' are equal, and it follows 
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that Ffi + f'« zz Tb + v^b' ; now, the arcs ra and f6 are equal, 
the arcs v*a' and n'b' are also equal ; the two right hand mem- 
bers of the two equations are therefore equal, and, consequently, 
the first members are likewise equal to one another ; which 
was to be proved. 

The angles made by the two generatrices of the cone with a 
focal line, are the supplements of the angles made by these 
generatrices with the production of this focal line within the 
second sheet of the cone ; so that the difference of the angles 
made by a side of the cone with one focal line and with the 
production of the other focal line, is also a constant quantity ; 
It was for this reason that in the enunciation of the theorem 
we said, the sum or the difference of the angles made by each 
side with the two focal lines. Thus the theorem is proved. 

25. It is known, that if, in a spherical triangle, one angle 
be invariable, and also the product of the trigonometric tan- 
gents of the halves of the sides containing it ; the area of the 
triangle will remain constant, f Legendre's Geometry ; Note 
on the Area of the Spherical Triangle.) From the first of the 
two preceding theorems we may, tnerefore, deduce the first, 
and, consequently, the second of the two following ones : 

In every cone of the second de- In every cone of the second de- 
gree, each tangent plane intersects gree, the vector planes, passing 
the two cyclic planes in two right through the two focal lines and 
lines such that the product of the through any side of the cone, are 
tangents of the semi-angles, which such that the product of the tan- 
they make with the intersection of gents of the semi-angles, which they 
the two cyclic planes, is constant. make with the plane of the two fo- 
cal lines, is constant. 

It would be easy to prove these two theorems directly, 
without making use of the proposition in spherical trigono- 
metry to which we referred ; but as this proposition is to be 
found in an elementary work familiar to all geometers, we may 
be allowed, in order to save time, to avail ourselves of it ; more- 
over, we shall hereafter give the direct proof of which we 
speak, and which will exhibit the two theorems above stated, 
as depending upon the most elementary principles of geometry. 

26. Let there be two subcontrary sections of a cone of the 
second degree; each side of the cone meets these two circles 
in two points, the rectangle under the distances of which 
from the vertex of the cone, is invariable, whatever be this 
side, since these two circles are upon the same sphere (17). 
If from the vertex of the cone, perpendiculars be let fall on the 
planes of the two circles, they will be respectively equal to 
these two distances, respectively multiplied by the sines of the 
angles, which the side of the cone makes with the planes of 
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the two circles ; therefore, the rectangle under the two per- 
pendiculars will be equal to the rectangle under the two dis- 
tances, multiplied by the product of the two sines. Now, the 
perpendiculars will be the same, whatever side of the cone we 
consider ; the rectangle under the two distances is also the 
same, as we have just shown ; therefore, the product of the 
two sines is constant ; but the planes of the two circles are 
parallel to the two cyclic planes of the cone; we have, there- 
fore, the first of the two following theorems, and, conse- 
quently, the second. 

In every cone of the second de- In every cone of the second de- 
gree, the product of the sines of the gree, the product of the sines of the 
angles, which each side makes with angles, which each tangent plane 
the two cyclic planes^ is constant. makes with the two focal lines, is 

constant. 

27. If from a point o, taken arbitrarily, perpendiculars be 
let fall upon the tangent planes to a cone of tlie second de- 
gree, they will form a second cone of the second degree, which 
will be the supplementary one to the first (10). The feet of 
these perpendiculars will be upon the sphere whose diameter 
is the right line joining the point o with the vertex of the 
given cone, since the nght line drawn from this vertex to the 
foot of each perpendicular, makes a right angle with that per- 
pendicular. Hence the feet of the perpendiculars will be upon 
the curve of intersection of the sphere and the second cone. 

Let us suppose the point o to be upon a focal line of the 
givep cone. This right line is perpendicular to a cyclic 
plane of the second cone (15) ; the sphere whose centre is 
upon this right line will, therefore, touch this cyclic plane, 
wnich proves that it will intersect the second cone in a circle 
lying in a plane parallel to the second cyclic plane of this 
cone (18); this second cyclic plane is perpendicular to the 
second focal line of the given cone (15) ; we have, therefore, 
the following theorem : 

If from a point assumed upon a focal line of a cone of the 
second degree^ perpendiculars be let fall upon the tangent 
planes to this conCy their feet will be upon a circle^ the plane 
of which will be perpendicular to the second focal line of the 
cone. 

28. The right lines which join the vertex of the given 
cone with the feet of the perpendiculars are the orthogonal 
projections of the first focal hne upon the tangent planes ; 
these right lines form a cone having for its base the circle 
which is the locus of the feet of the perpendiculars. This 
cone is evidently synametrical on each side of the plane of the 
greatest section of the given cone in which the focal line lies ; 
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and it touches this given cone alon^ the two sides lying in this 
plane, since these two sides are tne projections of the focal 
line upon the tangent planes along those sides. From this 
position of the cone it results, that the orthogonal projections 
of the second focal line upon the tangent planes will be upon 
this same cone. This cone will therefore pass, as appears from 
the theorem which we have just proved, through a second circle 
lying in a plane perpendicular to the second focal line ; whence 
we deduce the first of the two following theorems, and conse- 
quently the second : 

The orthogonal projections of the If a right angle^ having the same 
two focal lines of a cone of the se- vertex with a cone of the second 
cond degree upon the tangent planes degree, turn round this vertex^ so 
to the cone form a second cone of that one of its sides moves along 
the second degree, which has a dou- either of the two cyclic planes of the 
hie contact with the proposed cone> cone, whilst its other side moves 
and whose cyclic planes are perpen- round the cone ; the plane of this 
dicidar to the focal lines of the lat- angle will envelope a cone of the 
ter. second degree, which will have a 

douhle contact with the given cone, 
and whose focal lines will he per- 
pendicular to the two cyclic planes 
of the latter. 

29. Theorem (27) gives rise to the following, which is the 
converse of it : 

If through the different points of a circle traced upon a 
cone of the second degree planes he drawn perpendicular to 
the sides passing through these points, these planes will enve^- 
lope a second cone of the second degree^ one of whose focal 
lines will pass through the vertex of the given cone, and whose 
other focal line will be perpendicular to the plane of the circle, 

30. If from a point in the focal line of a cone, perpendicu- 
lars be let fall upon two tangent planes, the right line joining 
their feet will be at right angles with the right line of inter- 
section of the two tangent planes; now, by theorem (27), 
the former right line will also be at right angles with the 
second focal line of the cone ; it is, therefore, perpendicular to 
the plane passing through the right line of intersection of the 
two tangent planes and through the second focal line ; there- 
fore. 

If from a point in a focal line of a cone of the second de- 
gree, perpendiculars he let fall upon two tangent planes, the 
plane passing through the vertex of the cone and perpen^ 
dicular to the right tins joining their feet will pass through 
the second focal line of the cone. 

31. This may be otherwise stated in the first of the two fol- 
lowing theorems, from which the second is a consequence : 
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If a focal line of a cone of the If two right angles have each a 

second d^;ree he orthogonally pro- side upon a cyclic plane of a cone 

jected upon two tangent planes, the of the second degree, and their 

plane passing throu^ the right line two other sides coincident with two 

of intersection of the two tangent sides of the cone, the right line of 

planes^ and perpendicular to the intersection of their planes and the 

plane containing the two projections, right line in which the plane of the 

will pass through the second focal two sides intersects the second cy- 

line. clic plane will he at right angles. 

32. Let there be two cones of the second degree, having 
the same vertex and the same cyclic planes; if a common tan- 
gent plane be drawn to them, it will touch the two cones along 
two sides, each of which will make equal angles with the two 
right lines in which this tangent plane intersects the two 
cyclic planes (20.) These two sides will therefore bisect both 
tne angle and the supplement of the angle contained by these 
two right lines, which proves that these two sides are at right 
angles. We have, therefore, the two following theorems : 

When two cones of the second If two cones of the second degree, 

degree have the same vertex and which have the same vertex and the 

the same cyclic planes, if a common same focal lines, intersect one ano- 

tangent plane he drawn to them, ther, their tangent planes passing 

the two sides of contact lying in this through each side of intersection 

plane will be at right angles to each will be at right angles, that is to 

other. say, the two cones will cut one ano- 
ther at right angles. 

M. Dupin and M. Binet, Jun. have stated the general 
conditions to be fulfilled in order that two surfaces of the 
second degree may cut every where at right angles ; but they 
did not include in their researches the case of two conical sur- 
faces, which is disposed of in the second of the two theorems 
just proved. (See Developpemens de Geometric de Ch. 
Dupin, and, 16® cahier des Joumaux de Tecole Poly tech- 
nique.) 

These two theorems may be employed with great advan- 
tage in different investigations, as we shall Hereafter have 
occasion to show. " 



SECTION III. 

PROPERTIES OF A CONE OF THE SECOND DEGREE RELATING 
TO A SINGLE CYCLIC PLANE; AND PROPERTIES RELATING 
TO A SINGLE FOCAL LINE. 

33. The properties of a cone of the second degree relating 
to a single cyclic plane, which we are about to prove, are 
deducea immediately from the properties of the circle ; and 
those relative to a single focal line may be shewn to depend 

D 
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upon the former by reference to the supplementsury cone. 
Hence, we shall content ourselves with merely writing them 
alongside of the former. 

The right line polar to a plane, with relation to a cone, 
passes, as we have stated ^2,) through the centre of the sec- 
tion made in the cone by this plane or by any other parallel to 
it. Hence, the polar of a cyclic plane is the right line which 
is the locus of the centres of the circular sections of the cone 
lying in planes parallel to this cyclic plane. 

We have seen that, to a cyclic plane and to its polar, corres- 
pond, in the supplementary cone, a focal line and its polar 
plane (14.) We shall call this polar plane the director plane 
of the cone, a name analogous to that of directrix in the conic 
sections. A cone has two director planes, but we must always 
be understood to refer to that which corresponds to the focal 
line which we are considering. 

34. Let us begin with two theorems, the second of which 
is remarkable for its analogy to the leading property of the 
directrices of the conic sections. 

In every cone of the second de- In every cone of the second de- 
gree the ratio of the sines of the gree the ratio of the sines of the 
angles made hy each tangent plane angles which each side makes with - 
with a cyclic plane and with the a focal line and with the director 
polar of this cyclic plane is constant, plane is constant. 

To prove the first of these two theorems, let us take a cone 
of the second degree and a secant plane parallel to one of its 
cyclic planes ; the section of the cone will be circle, and the 
axis of the cone passing^ through the centre of this circle will 
be the polar of tne cyclic plane. Let there be a tangent plane 
to the cone, and from the centre of the circle let us drop a per- 
pendicular on this plane ; the sine of the angle made by this tan- 
gent plane with the plane of the circle is equal to this perpendi- 
cular divided by the radius of the circle ; the sine of the angle 
made by the tangent plane with the axis of the cone terminatingin 
the centre of the circle is equal to this same perpendicular divided 
by the length of this axis. From the form of these expres- 
sions for the sines of the two angles, it appears that their ratio 
is independent of the perpendicular, and contains only the 
radius of the circle and the distance of its centre from the ver- 
tex of the cone. Hence, this ratio is constant, whatever be 
the tangent plane to the cone: which proves the first of the 
two theorems above stated ; the second is deduced from it by 
reference to the supplementary cone. 

35. In what follows we shall still consider, as we have just 
done, a circular section of the cone, and we shall regard the 
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points and right lines lying in the plane of this section as the 
intersections of this plane, with right lines and planes passing 
through the vertex of the cone ; and, in order to apply to the 
cone me various properties of the circle, in place of the right 
lines lying in the plane of this circle, we shall substitute, in 
the statement of our theorems, the traces upon the cyclic plane 
of the planes passing through these right lines and through 
the vertex of the cone. 

36. Thus, in order to transfer to the cone, this property of 
the circle, ^' a radius is perpendicular to the tangent passing 
through its extremity," we shall consider the tangent and 
the radius as being the traces of a tangent plane to the cone 
and of a plane passing through the side of contact and through 
the polar of the cychc plane (since this polar passes through 
the centre of the circle ;) and we shall remark that these two 
traces are respectively parallel to the traces of the same two 
planes upon tne cyclic plane parallel to the plane of the cir- 
cle ; whence we have the first of the two following theorems, 
and, consequently, the second. 

The tangent plane to a cone of If Ihrongh a focal line of a cone 
the second degree^ and the plane of the second degree two vector 
j>a8sing through the side of contact planes be drawn^ of which the first 
and through the polar of a cyclic passes through any side of the cone, 
plane^ meet this cyclic plane in two and the second through the right 
right lines which are at right angles line in which the plane touching the 
with each other. cone along that side meets the di- 

rector plane, these two vector planes 
will be at right angles. 

37. Two tangents to a circle make equal angles with the 
chord which joins the two points of contact. Hence we infer, 
in accordance with what has been said (35,) that 

Two tangent planes to a cone of If through a focal line of a cone 
the second degree and the plane of of the second degree vector planes be 
the two sides of contact intersect a drawn respectively passing through 
cyclic plane in three right lines, the two sides of the cone and through 
third of which bisects the angle be- the right line of intersection of the 
tween the first two. two planes touching the cone along 

these sides, the third* vector plane 
will bisect the angle between the 
first two. 

38. Two tangents to a circle make equal angles with the 
right line which joins their point of concourse with the cen- 
tre of the circle. Hence we infer, that 

Two tangent planes to a cone of The vector planes passing through 

the second degree, and the plane a focal line of a cone of the second 

passing through their right line of degree and through two sides make 

mtersection and through the polar equal angles with the vector plane 
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of a cyclic plane, meet that cyclic passing through the right line in 

plane in three right lines, the third which the plane of the two sides in- 

of which hisects the angle between tersects the director plane, 
the first two. 

39. The right line drawn from the centre of a circle to the 
point of concourse of two tangents is perpendicular to the 
chord which joins the two points of contact, and passes through 
the middle of this chord. Let it be observed, that the middle 
point of a right line is the harmonic conjugate to a point in 
this line lying at an infinite distance, and that the four right 
lines drawn from any point whatsoever to four harmonic points 
form a harmonic pencil ; and we shall have the first of the two 
following theorems, and, consequently, the second. 

The plane passing through the Two vector planes passing through 

polar of a cyclic plane of a cone of a focal line of a cone of l£e second 

the second degree and through the degree will be at right angles, if one 

right line of intersection of two tan- passes through the right line of in- 

gent planes to the cone« and the tersection of two tangent planes to 

plane of the two sides of contact, meet the cone, and the other through the 

the cyclic plane in two right lines right line in which the plane of the 

which are at right angles with each two sides of contact meets the direc- 

other ; tor plane ; 

And the right lines, in which the And the two planes drawn 

the plane of tine two sides meets the through the right line of inter- 

cychc plane and the plane passing section of the two tangent planes, 

through its polar and through the and passing, the first through the 

right line of intersection of the two focal line, and the other through the 

tangent planes, are harmonic conju> right line in which the plane of the 

gates with relation to the two sides, two sides meets the director plane, 

are harmonic conjugates with rela- 
tion to the two tangent planes. 

40. If the plane of the two sides If the right line of intersection of 
passes through the polar of the cyclic the two tangent planes be in the di' 
plane, the right line of intersection of rector plane, the plane of the two 
the two tangent planes wUl be in this sides (^contact wiUpass through the 
cyclic plane ; therefore, focal line ; therefore^ 

If through a right line lying in If a cone of the second degree be 
the cyclic plane of a cone of the se- cut by a transversal plane passing 
cond degree two tangent planes be thrpugh a focal line, the planes 
drawn to the cone, the plane of the touching the cone along the two 
two sides of contact will intersect sides lying in this plane will inter - 
the cyclic plane in a second right sect on the director plane ; and the 
line which will be at right angles to plane passing through the focal line 
the former. and through the ri^t line of inter- 

section of the two tangent planes 
will be perpendicular to the trans- 
versal plane. 

41. When a quadrilateral is inscribed in a circle two oppo- 
site angles are always supplemental one to the other. Hence 
we infer, that 
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When ft tetrahedral angle is in- When a tetrahedral angle is cir- 

scribed in a cone of the second cumscribed about a cone of the 

degree^ the angle between the traces second degree^ the vector planes, 

of two of its adjacent faces upon a passing tmrough a focal line and 

cyclic plane of the cone is supple- through two adjacent ed^es of the 

mental to die angle contained by the tetrahedral angle^ contain an an- 

traces upon the same cyclic plane of gle which is supplemental to the 

the two other faces. angle contained by the vector planes 

passing through the two other edges. 

42. All the angles wkose vertices are upon the circumfe- 
rence of a circle, and whose sides pass through the extremities 
of the same chord, are equal (we mean the acute angle con- 
tained between the two sides, otherwise two angles would be 
supplemental one to the other, when their vertices were on 
opposite sides of the chord ;) if this chord pass through the 
centre of the circle all the angles are right. Hence we infer, 
that 

If through two fixed sides of a Two fixed tangent planes being 
cone of the second degree^ two drawn to a cone of the second de- 
planes be drawuy intersecting along gree^ and also any third tangent 
any third side of the conCy the traces plane whatever^ the vector planes 
of these planes upon a cyclic plane passing through a focal line and 
will contain between them an angle through the two right lines in which 
of invariable magnitude. the two fixed planes are intersected 

by the third tangent plane will con- 
tain between them an angle of inva- 
riable magnitude, whatever be this 
third tangent plane. 
This angle will be right if the This angle will be right if the 
plane of the two fixed sides passes right line of intersection of the two 
tlurough the polar of the cyclic fixed tangent planes be in the direc- 
plane. tor plane corresponding to the focal 

line. 

43. The polar of a cyclic plane is The director plane passes through 
in the plane of the least section of the minor axis of the cone ; the two 
the cone. Hence toe infer from the planes touching the cone ctiong the 
second part of the preceding theorem, sides lying in the plane of the sreat- 
that est section also pass through the mi- 
nor ojcis : they therefore intersect 
upon the director plane. Hence toe 
infer from the second part of the 
preceding theorem^ that 

If through the two sides of a cone Every tangent plane to a cone of 
of the second degree lying in the the second degree intersects the 
plane of its least section two planes two tangent pUmes that are perpen- 
be drawn intersecting along any side dicular to the plane of the greatest 
whatever of the cone^ their traces section in two right lines such that 
upon one of the cyclic planes will be the vector planes^ passing through 
at right angles. a focal line and through these two 

right lines, are at right angles to 
each other. 
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44. From the two theorems (42,) the following unme- 
diately result : 

If m a cyclic plane of a cone of If round a focal line of a cone of 

the second degree, an angle of in- the second degree, as an edge, a 

variahle magnitude, and having the dihedral angle of invariahle ma^ni- 

same vertex with the cone« be made tude be made to turn ; and if 

to turn ; the plane passing through through the right line in which one 

one side of the angle, and through of its faces meets a fixed tangent 

a fixed side of the cone, will pass plane to the cone a second tangent 

through a second side; and the plane to the cone be drawn^ this 

plane determined by this second second plane will meet the second 

side of the cone and by the second face of the dihedral angle in a right 

side of the moveable angle will turn line which will always be in the 

round a fixed side of the cone. same tangent plane to the cone. 

45. If, from the vertex of a cone, a perpendicular be let 
fall upon the plane of a circular section of the cone, and two 
parallel tangents be drawn to this circle, the sum of the distances 
of the foot of the perpendicular from the two tangents, will be 
constant and equal to the diameter of the circle ; but, these 
distances may be taken as the trigonometric tangents of the 
angles, which the two tangent planes .to the cone, passing 
through the two tangents to the circle, make with tne per- 
dicular let fall from the vertex of the cone, and these trigo- 
nometric tangents are equal to the reciprocals of the trigo- 
nometric tangents of the angles which the two tangent 
planes make with the plane of the circle, or with the cyclic 
plane to which the plane of the circle is parallel ; hence we 
infer, that 

If, through a right line lying in Every plane passing through a 
a cyclic plane of a cone of the focal line of a cone of the second 
second degree, two tangent planes degree cuts the cone along two 
be drawn to the cone, the sum of sides such that the sum of the re- 
the reciprocals of the trigonometric ciprocals of the trigonometric tan- 
tangents of the angles which they gents of the angles which they make 
make with the cyclic plane will be with this focal line is constant, 
constant. 



SECTION IV. 

GEOMETRIC LOCI RELATING TO THE CYCLIC PLANES, AND TO 
THE FOCAL LINES OF CONES OF THE SECOND DEGREE. 

46. If the sides of an angle of invariable magnitude, con- 
tained in a given plane, turn round two fixed points, its 
vertex generates an arc of a circle ; hence we infer, that 

If round two fixed right lines Being given two fixed planes and 
which intersect^ two planes be made a right line passing through a point 
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to tvarn, so that their traces upon in their intersection, if round this 
a fixed plane passing through the right line two planes he made to 
point of intersection of the two right tiurn, containing between them an 
lines may contain an angle of invaria- angle of invariable magnitude, the 
ble magnitude, the intersection of the two right lines in which these planes 
two moveable planes will generate a will respectively . intersect the two 
cone of the second degree, which will fixed planes will determine a move- 
have the fixed plane for one of its able plane, which will envelope a 
cyclic planes, and which will pass cone of the second degree, in wnich 
through the two fixed right lines, the fixed ri^ht line will be a focal 

line, and which will touch the two 

fixed planes. 

It is scarcely necessary to mention, that, as upon a given 
right line, two arcs of circles can be described capable of 
containing the same angle; so, in each of these two propo- 
sitions, there are two cones perfectly equal. 

We might have deducea these two propositions directly 
from the two theorems (42.) 

47. The vertex of an angle of invariable magnitude, whose 
sides touch a circle, generates a second circle ; and the chord 
which joins the point of contact of the two sides, envelopes a 
third circle ; these three circles are concentric ; whence we 
infer, that 

If two tangent planes to a cone of If a dihedral angle of invariable 

the second degree move in such a magnitude tiu*n round a focal line 

way that their traces upon a cyclic of a cone of the second degree, as 

plane contain between them an angle an edge, the plane of the two sides 

of invariable magnitude, the inter- along which its faces will meet the 

section of these two planes will cone will envelope a second cone of 

generate a second cone of the the second degree, 
second dc^ee. 

The plane of the two sides of The planes touching the given 

contactofthe two tangent planes will cone along these two sides will in- 

envelope a third cone of the second tersect upon a third cone of the 

degree. second degree. 

The cyclic plane in questionwiU be The focal line, round which the 

a cyclic plane of the two new cones, dihedral angle turns, will be a focal 

and .this plane will have the same line of the two. new cones; and the 

polar in the three cones. corresponding director plane will be 

the same in the three cones. 

48. If an angle of invariable magnitude turn round its 
vertex, which lies upon the circumference of a circle, the 
chord intercepted between its sides will always be a tangent 
to another circle concentric with the former ; therefore. 

If round a side of a cone of the If round a focal line of a cone of 

second degree two planes be made the second degree a dihedral angle 

to turn, whose traces upon a cyclic of invariable magnitude be made to 

plane contain between them an turn, and if through the right lines 

angle of invariable magnitude, the in which the faces ofthis angle meet 
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plane of the two sides along which a fixed plane touching the cone two 
these two planes meet the cone will other tangent planes to the cone 
envelope a second cone of the second he drawn^ their right line of inter- 
d^;ree, which will have the same section will generate a second cone 
cyclic plane with the g^yen one ; of the second degree, in which the 
and this plane will have the same edge of the dihedral angle will he a 
polar in tne two cones. focal line^ and the corresponding 

director plane will he the same in 

the two cones. 

49. Let us take a cone of the second degree, and cut it by 
any plane whatsoever, the curve of intersection will be a 
conic section ; and it is known, that the vertices of all the 
ri^ht angles, circumscribed about this curve, are upon a circle 
which has the same centre with it ; whence we infer, that 

If two tangent planes he drawn If two rectangular planes turn 

to a cone of the second degree^ so round a fixed right line passing 

that their traces upon a fixed plane through the vertex of a cone of the 

may contain between them a right second degree^ the sides along which 

angle^ the intersection of these two these two planes cut the cone^ taken 

planes will generate a second cone two by two, will determine four 

of the second degree, one of whose planes which will envelope a second 

cyclic planes will be parallel to the cone of the second degree, in which 

fixed plane. the fixed right line will be a focal 

line. 

This plane will have the same This right line will have the same 

polar in the two cones. polar plane with relation to the 

two cones. 

50. If the fixed plane, in the former of these two theo- 
rems, be one of the three rectangular conjugate planes of 
the given cone, the second cone will evidently be one of 
revolution round the axis perpendicular to this plane ; there- 
fore. 

If two tangent planes be made to If round one of the three rectan- 

revolve round a cone of the second gular conjugate axes of a cone of 

degree, so that their traces upon the second degree two rectangular 

one of the three rectangular conju- planes be made to turn, tiie sides 

gate planes of the cone shall always along which these two planes will 

be at right angles, the intersection intersect the cone, taken two by two, 

of these two planes will generate a will determine four planes which 

cone of revolution round the axis will envelope a cone of revolution 

perpendicular to that plane. round that axis. 

51. It is known, that if the vertex of an angle of invariable 
magnitude traverse a right line, whilst one of its sides turns 
round a fixed point, its other side envelopes a parabola touch- 
ing the right line traversed by the vertex of the angle. This 
proposition will help us in the proof of the following theo- 
rems : 
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If the faces of a variable dihedral Two fixed planes being drawn so 

angle inscribed in a cone of the se- as to touch a cone of the second 

cond degree turn round two fixed degree^ a third moveable tangent 

sides of thocone^ the plane determin- plane will intersect them in two 

ed by the two right lines in which right lines, and the planes respec- 

these faces intersect the two cy- tively passing through these two 

clic planes of the cone will enve- right Imes, and throi;^h the two 

lope a second cone of the second focal lines of the cone^ will intersect 

degpree touching these two cyclic in a right line^ which will generate 

planes. a cone of the second degree passing 

through these two focal lines. 

It is sufficient to prove the first of these two theorems, 
since the second may be deduced from it by reference to the 
supplementary cone. 

Let us draw a transversal plane parallel to a cyclic plane of 
the given cone ; this plane will intersect the cone in a circle, 
the second cy*clic plane in a right line d, and the faces of the 
dihedral angle in two right lines, l, l', which will pass through 
two fixed points in the circle, and will intersect in any thurd 
point of this circle ; the plane, of which we seek the enveloping 
surface, will be cut by the transversal plane in a right line 
which will pass through the two pomts m which the two right 
lines, L, l', respectively meet tne traces of the two cyclic 
planes upon the transversal plane ; one of these traces is the 
right line d, the other is at an infinite distance. If, there- 
fore, through the point in which the right line l meets the 
right line d, we draw a right line parallel to the right line l', 
this parallel will be the trace of the plane whose enveloping 
surface we are seeking. Now, this trace envelopes a para- 
bola ; for it makes with the right Une l an angle which is of 
invariable magnitude, as being equal to the angle between the 
two right lines, l, \J ; the vertex of this angle moves along 
the fixed right line d ; its side l turns round a fixed point in 
the circle ; therefore, its second side envelopes a parabola 
touching the right line d ; which proves that the moveable 
plane envelopes a cone of the second degree touching the 
cyclic plane, which intersects the transverssi plane in the right 
line D. In like manner it may be proved that this cone will 
touch the second cyclic plane; the theorem is therefore 
proved. 

52. If, round two fixed right If^ round a point assumed in the in- 

lines which meet another, two rec- tersection of two fixed planes^ aright 

tan^ular planes be made to turn, angle be made to turn, whose sides 

theur intersection will generate a move in the two fixed planes, the 

cone of the second degree, which plane of this angle will envelope a 

will pass through the two fixed cone of the second degree, which 

right Imes, and whose cyclic planes will touch the two fixed planes, and 

will be perpendicular to these two whose focal lines will be perpendicu- 

right lines. lar to these two planes. 

B 
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FcT^ when two planes are rectan- Far, let u$ draw through the ter^ 
gtdar, every plane perpendicular to tex of the nwveable angle a right 
one of them intersects them in two Une perpendieular to one of the two 
right lines which are at right an^ fixeapttmes ; it wiU be perpendieu- 
gfes to each other ; therefore j a lor to the side of the angle which 
transversal plane perpendieular to moves in this pixne; the plane de- 
one of the Ado fixed right lines in- termmed by this right Une and by the 
ter sects the two moveable planes in other side, wiU, therefore, beperpen- 
two right lines which are at right dicular to the former side ; whence 
angles to each other ; now, these two it follows^ that the planes passing 
right lines pass through the two fixed through the right line and through 
points in which the transversal plane the two sides of the angle wiU be 
meets the two fixed right lines ; their rectangular. Now, we have seen that, 
point of intersection unR, therefore, when two rectangular planes turn 
generate acirclewhichpasses through round a fixed right line, the two 
these two points, and along which right lines, in which they intersect 
mooes the right line of intersection two fixed planes passing through a 
of the two moveable planes ; which point in this right one, are in a plane 
proves the theorem, which envelopes a cone of the second 

degree, in which the fixed right Une 
is a focal line (46, second column ;) 
which proves the theorem. 

It would have been sufficient to prove one of these two 
theorems, smce either might be deduced from the other by 
reference to the supplementary cone. 

53. If^ round a fixed point, a right If, round a fixed jpoint, a plane be 

line be made to turn, which makes, made to turn, which makes, with 

with two fixed planes, angles, the two given right lines, angles, the 

product of whose sines is constant, product of whose sines is constant, 

this right line will generate a cone of this plane will envelope a cone of 

the second degree whose two cyclic the second degree whose focal lines 

planes will be parallel to the two will be parallel to the two ^ven right 

g^ven planes. lines. 

These two propositions are evidently the converses of the 
two theorems (26.) 

It is sufficient to prove the first. 

For this purpose, let us take o as the fixed point ; M, m, as 
the points in wnich a side of the cone generated by the moving 
right line meets the two fixed planes ; and p, />, as the feet of 
the perpendiculars let fall from the point o upon these planes; 
the sines of the angles which this side makes with these planes 
are respectively equal to ^, ^ ; the product of these two ratios 

ought therefore to be constant. Now, the numerators are con- 
stant, whatever side of the cone we consider; therefore, the rect- 
angle under the two lines, CM, ow, is constant ; which proves 
that the point m being upon a plane, the point m is necessarily 
upon a sphere, (Note at the end of the Memoir ;) this point m 
lies, therefore, on the intersection of the second given plane 
and this sphere. Hence, the cone generated by me moving 
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ri^ht line is cut in circular sections by the two fixed planes ; 
which proves the theorem. 

54. A plane and a right line being A right line and a plane being 
given, if round their point of inter- given, if round their point of inter- 
section we conceive a plane to turn section we conceive a right line to 
which makes> with the given plane tiu*n which makes, with the g^ven 
and right line, angles, the ratio of right line and plane, angles, the 
whose sines is constant, this plane ratio of whose sines is constant, 
will envelope a cone of the second this right line will generate a cone 
degree, which will have the given of the second degree, in which the 
plane for one of its cyclic planes ; given right line will be a focal line, 
and the given right line will be the and the given plane will be the di- 
polar of this cydic plane with rela- rector plane corresponding to that 
tion to the cone. focal Une. 

These two propositions are the converses of the two theo- 
rems (34.) 

It is sufficient to prove the first. 

For this purpose, let us draw a transversal plane parallel to 
the given plane ; it will meet the ^ven right line in a point a, 
and the moveable plane in a right line d. 

The sine of the angle which this moveable plane makes 
with the fixed right line is equal to the perpendicular let fall 
from the point a upon the moveable plane divided by ao 
(o being tne point of intersection of the given plane and 
right line, round which the moveable plane turns i) the sine of 
the angle which this moveable plane makes with tne transver- 
sal plane is equal to the same perpendicular divided by the 
distance of the point a from the right line d. The ratio of 
the two sines is tnerefore equal to this distance of the point 
a from the right line d, divided by the distance oa ; this 
ratio is constant by hypothesis ; tne distance oa is likewise 
constant; consequently, the distance of the point a from 
the right line d is constant ; thus, the trace of the move- 
able plane upon the transversal plane is always at the same 
distance from the point a ; which proves that this trace enve- 
lopes a circle whose centre is at tne point a ; the cone enve- 
loping the moveable plane is therefore one of the second de- 
gree, having a cyclic plane parallel to the transversal plane, 
and the right line oa is the polar of this cyclic plane ; which 
proves the theorem. 

55. In the second of the two preceding theorems it is to be 
observed, that if from a point in the moveable right line per- 
pendiculars be let fall on the given right line and plane, the 
ratio of these perpendiculars will be the same as the ratio of 
the sines of the angles which the moveable right line makes 
with the given right line and plane. We have, therefore, the 
following theorem : 
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The geometric locus of a point whose distances from a fixed 
right line and plane are in a given ratio, is a cone of the se- 
cond degree, which has the given right line and plane for a 
focal line and its corresponding director plane. 

If the ratio of the distances be one of equality, we infer 
that 

The surface, in which every point is equidistant from a 
given right line and plane, is a cone of the second degree, 
having the given right line and plane for a focal line and its 
corresponding director plane, 

M« Hachette has employed this theorem in the descriptive 
solution of the question : "to find the centre of a sphere 
touching a plane and circumscribed about a hyperboloid of 
revolution." (See M. Quetelet's Correspondance Mathe- 
matique et Physique, Vol. IV. p. 285.) As M. Hachette's 
proof is extremely simple, we subjoin it. 

Let a transversal plane be drawn parallel to the given plane, 
and let a right circular cylinder be described, having for its 
axis the given right line, and for its radius the distance of the 
transversal plane from the given plane. The transversal plane 
intersects tne cylinder in an ellipse, every point of which is 
equidistant from the given right line and plane. Hence we 
perceive, that on the cone whose base is this ellipse, and whose 
vertex is the point of concourse of the given right line and 
plane, every point is equidistant from this right line and 
plane. 

SECTION V. 

PROBLEMS RELATING TO THE CYCLIC PLANES AND TO THE 
FOCAL LINES OF CONES OF THE SECOND DEGREE ; AND 
GENERAL PROPERTIES OF TRIHEDRAL AND TETRAHEDRAL 
ANGLES. 

56. When the vertex and a cyclic plane of a cone of the 
second degree are given, only three other conditions are re- 
quired to determine this cone. 

For, if a transversal plane be drawn parallel to the given 
cyclic plane, this plane will intersect the cone in a circle, which 
it will DC necessary to determine. For this purpose we require 
three conditions. Hence, the modes of describing a circle 
subject to three given conditions, will become applicable to 
the analogous questions relating to a cone of the second de- 
gree, of which we have the vertex and one cyclic plane given. 

By reference to the supplementary cone, it appears that the 
vertex and a focal line of a cone of the secona degree being 
given, we require three other conditions to determine this 
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cone ; and the modes of construction, will correspond to those 
relating to the analogous questions on cones of the second de- 
gfree, of which the vertex and a cyclic plane are given. 

&!, The centre of a circle which passes through two given 
points is upon the perpendicular erected at the middle point of 
the right line connecting the two points. Hence, in accor- 
dance with what has been already said (39) we deduce the 
two following theorems : 

If a cyclic plane and two sides of a If a focal line and two tangent 

cone of the second degree be given^ planes of a cone of the secona de- 

the polar of this cyclic plane is upon gree be given^ the director plane 

a plane determined by the two fol- corresponding to this focal hne, 

lowing conditions : will pass through a right line which 

is the intersection oi the two fol- 
lowi^ planes : 

1. Its trace upon the plane of 1. The plane whioh passes through 
the two sides must be the harmonic the intersection of the two ^ven 
conjugate^ with relation to the two tangent planes, and is the harmonic 
sides, of liie right line in which the conjugate, with relation to these two 
plane of these two sides intersects planes, of the plane passing through 
the cyclic plane. this intersection and through me 

focal Une. 

2. Its trace upon the cyclic plane 2. The plane passing through 
must be<perpenaicular to this right this focal line at right angles with 
line of intersection. this latter plane. 

58. The centre of a circle touching two right lines is upon 
the right line which bisects the angle or the supplement of the 
angle Detween them. Hence we infer, that 

If a cyclic plane and two tangent If a focal line and two sides of a 

planes of a cone of the second de- cone of the second degree be given, 

gree be given, the polar of this cy- the director plane correspondm? to 

clic plane lies in the plane which this focal line passes through the right 

passes through the intersection of line in which the plane of the two 

the two tangent planes, and whose sides meets the vector plane bisect- 

trace upon the cyclic plane bisects ing the angle or the supplement of 

the angle or the supplement of the the angle between the two vector 

angle between the traces of the planes passing through the focal 

two tangent planes upon this cyclic line and through the two sides, 
plane. 

59. Problem, — Given three sides Problem — Given three tangent 
and a cyclic plane of a cone of the se- planes and a focal line of a cone of 
cond degree, to determine the polar the second degree, to determine the 
of this cyclic plane. director plane corresponding to this 

focal line. 

The solutions of these two problems are evidently furnished 
by the two theorems (57 ;) it is, therefore, unnecessary to 
give them. 

Problem Given three tangent Problem, — Given three sides and a 

planes*and a cyclic plane of a cone focal line of a cone of the second 
of the second degree, to determine degree, to determine the director 
the polar of that cyclic plane. plane of the cone corresponding to 

that focal line. 
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The solutions of these two problems are evidently furnished 
hy the two theorems (58 ;) it is, therefore, unnecessary for us to 
give them. But it ought to be remarked, that just as the 

Eroblem of describing a circle touching three given right lines 
as four solutions, so each of these two problems will likewise 
admit of four solutions. 

61. From what has been said it is plain, that the solution 
of this question, *^ to describe a circle touching three circles 
lying in the same plane," furnishes immediate^ the solutions 
of the two following problems : 

Problefn,-^Given three cones of ProblenL-^Giyeu three cones of 

the second degree^ having the same the second degree, having the same 

vertex and a common cyclic plane, vertex and the same focal line, to 

to describe a fourth cone of the determine a fourth cone of the se- 

second degree, touching these three cond degree touching these three 

cones, and having the same cyclic cones, and having the same focal 

plane with them. line with them. 

Each of these problems, generally speaking, admits of eight 
solutions. The given cones may become planes or right lines, in 
the same way as we have shewn, (Annates de Matbematiques 
de M. Gergonne,) that, in the construction of a circle touching 
three given circles, these latter may become right lines or 
points. 

62. We have seen (59,) that token we We have seen (59,) that when toe 

have a trihedral angle and a plane have a trihedral angle and a right 

passing through its vertex, this plane line passing through its vertex, this 

may be consumed as the cyclic plane right line may be considered as the 

of a cone of the second degree, three focal line of a cone of the second 

of whose generatrices are the three degree touching the three faces of 

edges of the trihedral angle ; con- the trihedral angle ; consequently, 

sequent fy, we infer from tMorem 22, we infer from theorem 22, that 
that 

If> being given a trihedral anffle If, being given a trihedral angle 

and a transversal plane passm^ and a right line passing through its 

through its vertex, we draw in each vertex, we draw through each edge 

face of this an? le a right line through of this trihedral angle a plane, ma£- 

the vertex, which makes, with one ing, with one of the two faces ad- 

of the two edges lying in this face, jacent to this edge, an angle equal 

an angle equsd to that contained be- to that which the other face makes 

tween the other edge and the trace with the plane determined by the 

of the transversal plane upon this same edge and by the given right 

face, the three right lines thus line, the three planes thus drawn 

drawn in the three faces are in the pass through the same right line, 
same plane. 

This plane and the given trans- This right line and the given right 

versal plane are the cyclic planes line are the focal lines of a cone of 

of a cone of the second degree, the second degree inscribed in the 

circumscribed about the trihedral trihedral angle, 
angle. 
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63. This theorem leads to thesolu- This theorem leads to the solution 
tion of the following problem : of the following problem : 

Problem, — Given three sides and Problem. — Given three tangent 

cyclic plane of a cone of the second planes and a focal line of a cone of 

degpree^ to determine the second cy- the second deffree, to determine the 

clic plane of this cone. second focal Ime of this cone. 

64. Theorems (28) give rise to the two following : 

A right line heing drawn throiigh A plane bein^ drawn through the 
the vertex of a trihedral angle, if it vertex of a trihedral angle, if in 
be projected orthogonally upon the this plane we draw three right lines 
three faces of the angle, and through passmg through the vertex, and re- 
the three projections a cone be spectively perpendicular to the three 
made to pass, one of whose cyclic edges of tha angle, each edge and 
planes is perpendicular to the given its perpendicular will determine a 
right line, this cone will intersect plane ; if a cone of the second 
the three faces of the trihedral an- degree be described touching the 
gle in three new right lines, and the three planes thus determined, and 
planes passing through these right having for a focal line the perpen- 
lines and respectively perpendicmar dicular to the given plane, through 
to the three faces wiU intersect in the edges of the trihedral angle 
the same right line, which will be three new tangent planes to the cone 
perpendicular to the second cyclic may be drawn, and the right lines 
plane of the cone. drawn in these planes respectively 

perpendicular to the three edges, 
will all three be in a new plane per- 
pendicular to the second focal line 
of the cone. 

65. Theorem (30) leads to the following : 

If from any point perpendiculars be let fall upon the three 

faces of a trihedral angle^ and through each edge of the angle 

a plane be drawn perpendicular to the right line joining the 

feet of the perpendiculars upon the two faces adjaeent to this 

edge^ the three planes thus dratvn tvill intersect in the same 

right line, 

66. Theorems (31) lead to the following : 

A right line being drawn through A plane being drawn through 
the vertex of a trihedral angle, its the vertex of a trihedral angle, 
orthogonal projections on the faces three ri^ht lines drawn in this plane 
of this angle will be the edges of a perpendicular to the three edges of 
second trihedral angle ; tiie planes, the angle will respectively deter- 
passing through the edges of the mine with these edges three planes 
first angle, and respectively perpen- forming a second trihedral angle ; 
dicular to the faces of the second, the three right lines drawn in the 
will pass through the same right faces of the first angle, and respec- 
ixixe, tively perpendicular to the three 

edges of uie second, will all three 
be in the same plane. 

67. It is known that the circle circumscribed about a* tri- 
angle, whose three sides touch a parabola, passes through the 
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focus of that curve. (Traite des Propiietes Projectives de M. 
Poncelet, p. 268.) Hence we infer the first, and conse- 
quently, the second, of the two following theorems : 

If about a cone <^ the second de- If in a cone of the second d^ree 

gree several trihedral angles be several trihedral angles be inscribed, 

circnmscribed, and as many cones of and as many cones of the second 

the second degree be respectively degree be respectively inscribed in 

circumscribed about these trihedru these trihedral angl^^ having all 

angles, having all of them a plane of them a side of the given cone for 

touching the eiven cone for their their common focal Ime, all these 

common cyclic plane^ all these cones will touch the same plane, 
cones will pass through a common 
generatrix. 

68. From what precedes we infer From what precedes we infer by 
by means of theorem 28, second means of theorem 28, first column, 
column, that that 

A cone of the second degree being A cone of the second degree be- 

given, if any trihedral angle be cir- ing given, if any trihedral angle be 

cumscribed about it, and in a fixed inscribed in it, and through a fixed 

Slane touching the cone three right side of the cone three planes be 

nes be taken making right an- drawn respectively perpendicular to 

gles with the three e<^es of the the faces of this angle, and if we 

trihedral angle, and if we further further conceive a cone of the se- 

conceive a cone touching the planes cond degree to be described pass- 

of these three angles and having for ing through their three right lines 

its focal line the perpendicular to of intersection with these faces, and 

the fixed tangent plane, this new having one of its cyclic planes per- 

cone will toudi a fixed plane, what- pendicular to the fixed side or the 

ever be the trihedral angle circum- given cone, this new cone will pass 

scribed about the given cone. through a fixed right line, whatever 

be the trihedral angle inscribed in 
the given cone. 

69. These two theorems lead to the two following proper- 
ties of tetrahedral angles : 

If a tetrahedral angle be given. If a tetrahedral angle be given, 
and also, a fixed plane passing and also, a fixed right line passing 
through its vertex, the planes of the through its vertex, the four edges 
four faces of the tetrahedral angle, of this angle, taken three by three, 
taken three by three, will form rour will determine four trihedral angles : 
trihedral angles : now, if in the now, if through the given right line 
p;iven plane right lines be taken mak- planes be drawn perpendicular to 
mg right angles with the edges of the faces of each of these trihedral 
these trihedral angles, and a cone angles, and through the right lines 
of the second degree be described, of mtersection of these planes with 
touching the planes of the three ri^ht these faces a cone of the second de- 
angles corresponding to each trine- gree be described, having one of its 
dral angle, and having one of itsfo- cyclic planes perpendicular to the 
cal lines perpendicular to the g^ven given right line, tne four cones thus 
plane, the four cones thus determined determined will pass through a com- 
will all touch the same plane. mon generatrix. 
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SECTION VI. 

ORGANIC DESCRIPTION OF CONES OF THE SECOND DEGREE. 

70. The organic description of the conic sections given 
by Newton, is founded upon the following theorem : 

If any two constant angles turn round two fixed points as 
vertices, so that two of their sides intersect upon a given right 
line, the point of intersection of their two other sides will 

fenerate a conic section, which will pass through the two 
xed points. (See Universal Arithmetic, Vol. i. ; and Prin- 
cipia Mathematica, Lib. i. Lemma 21.) 

This construction of the conic sections by points, is general. 

The cones of the second degree admit of a similar con- 
structiop, by which their sides are determined ; and also of 
another analogous construction by which their tangent planes 
may be determined. 

These two modes of describing the cones of the second 
degree are included in the two following theorems : 

71. If any two dihedral angles of Ifany two plane angles of invaria- 
inyariable magnitude whose edges ble magnitude have ror their corn- 
are fixed and meet one another, turn mon vertex a fixed point round which 
round these edges so that two of they turn in two given planes, in 
their faces intersect on a fixed plane such a manAer that the plane deter- 
passing through the point of inter- mined by two of their sides turns 
section of the two edges, the inter- round a fixed right line passing 
section of their two otiier faces will through their common vertex, the 
generate a cone of the second de- plane determined by their two other 
gree which will pass through the sides will envelope a cone of the 
two fixed edges. second degree, which will touch the 

two planes in which the two angles 
respectively move. 

For let us conceive a cone of the For let us conceive a cone of the 

second degree, whose focal lines are second degree, whose cyclic planes are 

the edges of the two moveable dihe- the two planes in which the two an- 

dral angles, and which touches the gles move, and which passes through 

gived fixed plane, the fixed right line. 

The two first faces of the two di- The plane which contains the two 

hedral angles intersect upon this first sides of the two angles turns 

plane, by hypothesis ; through their round this right line, and cuts the 

right line of intersection, let us draw cone along another side u ; the 

a plane u, touching the cone ; this plane determined by this side and by 

plane meets the second face of the the second side of the first angte 

first angle in a right line which ge- turns round fixed side of the cone 

nerates a plane p, touching the cone* p. (44, first column,) 
(44, second column,) 

In Kke Tnanner, the plane m meets In like manner, the plane deter, 

the second face of the second angle mined by the side m and by the 

in a right line which generates ano- second side of the second angle^tums 

ther plane p', touching the cone, round another fixed side of the cone v\ 

F 
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Hence the two second faces of the Hence the tw& second sides of the 

two dihedral angles meet any plane two angles are respectively in two 

M touching the cone in two right planes which turn round two fixed 

lines contained in two fixed planes y, sides of the cone v, p', and which 

v\ touching this cone ; but these two intersect upon another indefinite side 

faces respectively pass through the m ; but these two sides are respee- 

two edges of the dihedral angles tively in the two cyclic planes of the 

which are the focal lines of the cone; cone ; therefore, their plane unU en- 

therefore, their right line of inter- velope a cone of the second degree, 

section generates a cone of the se- touching these two cyclic planes, (51, 

cond degree, passing through these first cotumn,) q. e. d. 
two fixed e^es, (5 1 , second column. ) 

Q. £. D. 

It would have been sufficient to demonstrate one of these 
two theorems, since the other might have been deduced from 
it by reference to the supplementary cone. 

The first part of our proof of the first theorem is analogous 
to the method which M. Poncelet has employed in proving 
the theorem of Newton. (Traite des Proprietes Projectives, 
p. 274.) It is satisfactory to make this comparison, since it 
furnishes an example of the advantages attending the modes 
of proof adopted m that learned work, when applied to 
questions in tne geometry of three dimensions as well as to 
tiiose of plane geometry. 

72. Problem. — Given five sides of Problem. — Given five tangent 
a cone of the second degree, to de- planes to a cone of the second de- 
termine all the other sides of the gree, to determine all the other tan- 
cone by the movement of two dihe- gent planes by the movement of two 
•dral angles romid their edges. angles in their respective planes. 

Let A, B, c, u, £, be the five given Let a, b, c, d, e, be the five given 

sides ; let us take the first two a, b, planes ; let us take the first two a, b, 

as the edges of the two moveable di- as the planes of the two moveable 

hedral angles, and conceive that when angles ; the third plane c, wiU inters 

two faces of these angles simulta- sect them in two right lines which 

neously coincide with the plane of the will make two angles with the right 

two sides a, b, their two other faces line of intersection with these two 

intersect along the third side c ; so planes ; these will be the two movea- 

that these two angles are perfectly ble angles, 
determined. 

Now let them be turned round Now let them be turned round 

their edges a, b, so that their two their common vertex in their respec- 

faceSf which before passed through live planes a, b, so that their two 

the side c, may intersect along the sides, which before were contained in 

fourth side n, and again along the the plane c, may lie in the plane d, 

jfifth side E ; their two first faces ana again in the plane e ; their two 

which originally coincided with the first sides which originally coincided 

plane ■, of the two edges a, b, will with the right line of intersection of 

successively intersect in two right the two planes a, b, unll successively 

lines a' 9 e'. determine two planes d', e'. 

Let the right line of intersection Let the plane of the same two 
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of the sasne two faces traverse the sides turn round the right line of 
plane determined by the two right intersection of these two planes d\ e', 
lines d', e', the right line ofintersec- the plane of the two other sides of 
turn of the two other fajces willgene-' the tu>o mooeable cmgles will assume 
rate the required cone ; a^ appears all the positions of the planes touch- 
front the preceding theorem. vng the required cone ; as appears 

from the preceding theorem. 



SECTION VII. 

PROPERTIES OF HYPERBOLOIDS DEDUCED FROM THOSE OF 

CONES OF THE SECOND DEGREE. 

73. It is known that a hyperboloid, whether of one or of 
two sheets, and its asymptotic cone have the same systems of 
conjugate diameters. Now, we have proved that in every 
cone of the second degree there are two axes such that two 
conju^te planes passing through either of them, are always 
at rignt angles (14) ; it follows, therefore, that 

In every hyperboloid^ whether of one or of two sheets^ there 
are two diameters such that two conjugate plants passing 
through either of them are always at right angles (a). 

These two diameters are the focal lines of the asymptotic 
cone of the hyperboloid. 

74. These right lines lie within the cone; consequently 
they meet the hyperboloid if it be one of two sheets, and do 
not meet it if it be of one sheet. About a hyperboloid of one 
sheet, two cylinders mieht therefore be circumscribed, having 
their generatrices parallS to the two right lines in question. 

Two planes passing through either of these right lines, and 
mutually conjugate with relation to the hyperboloid, will 
also be conjugate with relation to the circumscribed cylinder, 
whose generatrices are paraUel to this right line. A trans- 
versal plane perpendicular to this right line will cut the 
cylinder in a come section, and will intersect the two conju- 
gate planes along two conjugate diameters of that curve ; 
now tnese two diameters will be at right angles ; the conic 
section will therefore be a circle ; whence we infer, that 

About every hyperboloid of one sheet two cylinders may 
be circumscribed^ whose bases upon planes perpendicular to 
their generatrices are circles (J). 

(a) There are two similar right lines in the ellipsoid ; as we shall show 
hereafter^ when proving a more general property of the surfaces of the 
second d^ee. 

(b) This equally applies to the ellipsoid. 
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The {ixes of these cylinders are the Jbcal lines of the 
asymptotic cone of the hyperboUnd. 

75. These cylinders possess two characteristic properties 
which are easily dednced from two properties of cones of the 
second degree. For it is well known that the sides of the 
asymptotic cone of a hyperboloid of one sheet are parallel to 
the generatrices of the hyperboloid ; we infer, therefore, from 
theorem (34,) second column, in consequence of what has 
been just stated, that, 

In every hyperboloid of one sheet, the ratio of the sines of 
the angles made by each generatrix with the axis of either 
of the two circumscribed right circular cylinders, and udth 
the diametral plane conjugate to that axis, is constant. 

76. Theorem (24,) second column, leads to the following : 
In every hyperboloid of one sheets the sum or the difference 

of the angles made by each generatrix with the two axes of 
the circumscribed right circuhvr cylinders, is constant* 

77. The properties of the cones of the second degree lead 
also to two theorems relative to the subcontrary sections of 
the hyperboloid of one sheet. 

For every transversal plane intersects a hyperboloid, and its 
asymptotic cone in two smiilar, and similarly placed conic sec- 
tions. This may be easily shown, for where two sur&ces of the 
second degree touch one another along a plane curve, every 

Slane intersects them in two conic sections, which have a 
ouble contact on the right line in which this plane meets the 
plane of the curve of contact of the two surfaces. If the 
plane of this curve be at an inlSnite distance, the two conic 
sections will have a double contact on a right line lying at an 
infinite distance, which indicates that the two conic sections 
are similar, similarly placed, and concentric. 

Hence, it follows, that the planes of the circular sec^ons of 
a hyperboloid are parallel to the cyclic planes of its asymp- 
totic cone. 

78. Consequently, theorem (26,) first column, leads to the 
following : 

In every hyperboloid of one sheet, the product of the sines 
of the angles made by each generatrix with the planes of the 
subcontrary sections, is constant. 

79. Every plane touching a h3rperboloid of one sheet passes 
through two generatrices, and the plane passing through the 
centre of the hyperboloid intersects the asymptotic cone along 
two sides parallel to these two generatrices ; consequently, 
theorem (22,) first column, leads to the following : 

In every hyperboloid of one sheet, the tangents drawn at 
any point on its surface to the two circular sections passing 
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through this point respectively make equal angles with the 
two generatrices which meet in this point. 



Note refsrred to in Nos. 17 and 63. 

Theorem— -ijT^om a fixed point radii be draton, terminating at dif" 
ferent points of a given plane, and points he assumed on these radii, whose 
distances from the fixed point are reciprocally proportional to the radii, 
these points will all he on a sphere which wilt pass through the fixed 
point, and whose centre wiU he on the perpendicular let foil from this 
point upon the plane. 

Tor, let o be the fixed point, p the foot of the perpendicular let fi&ll 
from this point upon the given plane, and m any point whatever in the plane ; 
let us assume upon the radii op, om, two points p, m, such that op,om, may be 
reciprocally proportional to op, om, that is to say, such that we shall have 
OP. op = €fi, OH.ofii = cfi; (a being a constant right line ;) the triangles opk 
opm, are plainly similar, the angle m is, therefore, a right angle ; which 
proves that the point m is upon the sphere described upon op as diameter. 

Q. E. D. 
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PRELIMINARY CONSIDERATIONS. 

1. Let th6re be a cone of the second degree having its ver- 
tex at the centre of a sphere. The curve of intersection of 
these two sur£su^es is a line of curvature of the cone, since it 
is every where normal to the generatrices of the cone, which 
are also lines of curvature. 

By the intersection of the sphere with the two sheets of 
the cone, we obtain two curves, which return into them- 
selves, and which are evidently symmetrical with relation to 
the three principal planes of the cone, in the same manner as 
the cone itself is symmetrical with relation to these three 
planes. These two curves are also symmetrical with relation 
to the three great circles in which these planes intersect the 
sphere. 

Each of these two curves is of double curvature, unless the 
cone be one of revolution, in which case they are both circles 
of the sphere. These two curves, in the general case of any 
cone of the second degree, have the mrm of an ellipse, 
and differ less from this curve as the radius of the sphere be- 
comes greater. On this account we may be permitted to call 
each of these curves a spherical ellipse. 

2. Let the principal plane of the cone be drawn, and let 
us only consider the hemisphere and the sheet of the cone 
situated above this plane ; this sheet will determine a spheri- 
cal ellipse upon the surface of the sphere ; the principal axis 
of the cone will penetrate the sphere in a point which will be 
the centre of this ellipse; for it will bisect every arc of a 

great circle passing through this point and included within 
le curve ; since tne arc of a great circle, included between 
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two points on a sphere, measures the angle contained by two 
right lines drawn from the vertex of the cone to these two 
points. 

Every arc of a great circle passing through the centre and 
terminated by the curve is a diametral arc of the curve. 

The greatest and the least of the diametral arcs of the ellipse, 
which we shall call its principal diametral arcs, are contamed 
in the planes of the greatest and least sections of the cone. 
These arcs terminate in four points of the ellipse, which may 
be called its vertices. 

The two focal lines of the cone will penetrate the hemi- 
sphere, on which is traced the spherical ellipse which we are 
now considering, in two points which may be called the 
Jbci of the ellipse, on account of the similarity which may be 
shown to exist between their properties and those of the foci 
of plane ellipses. 

Lastly, the two cyclic planes of the cone will intersect the 
same hemisphere in two great semi-circles, which will have 
the major axis of the cone for their common diameter. This 
major axis lies in the plane of the greatest diametral arc of the 
ellipse ; and these two great semi-circles are perpendicular to 
the least diametral arc, and never meet the ellipse. In order 
to indicate their origin, let us call these two arcs the cyclic 
arcs of the spherical ellipse. 

3. Now let us draw the plane of the least section of the 
cone. It is clear that this plane will divide the complete inter- 
section of the cone and sphere into two equal parts, symme- 
trically placed with relation to this plane. 

Let us consider the part of this intersection lying on one 
side of this plane : it will consist of two branches which will 
be halves of the two spherical ellipses ; these two branches 
being symmetrical with respect to the diametral plane perpen- 
dicular to the principal axis of the cone, and receding more 
and more from this plane as the distance from their vertices in- 
creases, form, when considered together, a curve which may 
be called a spherical hyperbola. Its centre is the point where 
the major axis of the cone penetrates the hemisphere on which 
the curve is traced ; its two Jbci are the points where the two 
focal lines of the cone penetrate this hemisphere. The curve 
has but two vertices, and its foci lie upon the arc of a great 
circle which joins them. 

Lastly, the two cyclic planes of the cone intersect the 
hemisphere in two great semicircles, which pass through the 
centre of the hyperbola, and make equal angles with the arc 
which joins its two foci. These are the two cyclic arcs of 
the hyperbola. 
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4. Again, let us consider the hemisphere lying on either 
«ide of the plane of the greatest section of the cone, that is, 
the plane containing the two focal lines. 

On this hemisphere we shall have two halves of the two 
spherical ellipses. These two curves turn their concave parts 
towards each other, and approach towards the principal plane 
of the'cone as the distance from their vertices increases. 

These two branches taken together form a third species of 
spherical curve. This curve has a centre^ which is the point 
of intersection of the sphere with the minor axis of the cone ; 
it has four Jbci which are in the plane of the greatest section 
of the cone, and two cyclic arcs which lie between the two 
branches of the curve, and are perpendicular to the arc of the 
great circle which joins its two vertices. 

The three curves which we have just been considering, are 
portions of the same curve which arises from the complete 
intersection of the sphere with a cone of the second degree, 
having its vertex at the centre of the sphere. We may, 
therefore, designate them all by the common name of spheri-- 
cat conies. 

5. The Spherical conies possess a great number of pro- 
perties, of which the most part are very remarkable. 

It is to be observed, that all these properties are double, 
that is to say, to every proposition relative to the spherical 
conies, there always corresponds a second proposition relative 
to these same curves. 

This results from the fact, that the properties of the cones 
of the second degree are double, as we have already proved. 
(See section 10 of the preceding Memoir.) But we may also 
prove this general principle by observing, that to any figure 
traced upon the surface of the sphere tnere always corres- 
ponds a second figure, which is the envelope of the arcs of 
Seat circles, whose planes are perpendicular to the radii of 
e sphere drawn to the different points of the first figure. 
Each property of the first figure nas, therefore, always a 
corresponding property in the second figure ; but if the first 
figure be a coniCy tne second will also be a conic, arising from 
the intersection of the sphere with the cone supplementary to 
that on which the first conic lies ; which proves the principle 
that has been stated. 

We may call the two conies supplementary, as well as the 
two cones ; the cyclic arcs of either of them are in the dia- 
metral planes perpendicular to the diameters of the sphere 
passing through the foci of the other. 

6. Among the numerous properties of the spherical conies 
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there are two which haye been ahready riyen by M. Magnus, 
of Berlin. (See Annales de Mathematiqaes, Augnist, 1825.) 
They are the two foUowing: 

*^ The sum or the difference of the two radii yectores drawn 
from the two foci of a spherical conic to any point in it is 
constant. 

<' The two nidii yectores drawn to any point of the conic 
make equal angles with the arc of a great circle touching the 
curve at that point." 

7. It is evident that, by reference to the supplementary conic 
whose properties we have just stated, we might immediately 
deduce from these two propositions the folfowing theorems 
which appear to us to possess an equal degree of interest : 

^^ In every spherical conic there are two arcs of great circles 
such that the sum or the difference of the angles, which each 
arc of a great circle touching the conic makes with them, is 
constant. 

^^ Every arc of a great circle, touching the conic and ter- 
minated by these two fixed arcs, is bisected at its point of 
contact with the conic." 

The former of these two pn^sitions shows that, 

** The envelope of the bases of all the spherical triangles, 
which have a common vertical angle and the same area, is a 
spherical conic." 

8. This latter, and the preceding theorem, are exactly ana- 
logous to the following well-known properties of the hyper- 
bola: 

** The envelope of the bases of all the plane triangles, which 
have a common vertical angle and the same area, is a hyper- 
bola. 

" The portion of any tangent to a hyperbola intercepted by 
the two asymptotes is bisected at the point of contact with 
the curve." 

We shall find the same analogy between several other pro- 
perties of the spherical conies and those of the hyperbola, so 
that the cyclic arcs of the spherical conies will be found to 
bear the same relation to those curves that its asymptotes do 
to the hyperbola. 

As to tne two theorems of M. Magnus, they bear a striking 
similarity to the known properties of the foci of the conic 
sections : the same may be observed of all the other pro- 
perties of the foci of these curves. 

In fact, we shall show in the last section of this Memoir, how 
the properties of the foci of the conic sections and those of 
the asymptotes of the hyperbola may be considered as conse- 
quences from those which we prove with relation to the foci 
and the cyclic arcs of the spherical conies. 
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But as these properties of the foci of the spherical conies may 
be applied to all the plane conic 'sections^ it might naturally 
be supposed that those of the cyclic arcs ought, in like man- 
ner, to have corresponding ones in every plane conic section ; 
they therefore guide us to the discovery of a new class of 
general properties of the plane conic sections, of which those 
of the asymptotes of the hyperbola are only particular cases. 

We shall make these new properties of the plane conic 
sections, the subject of a separate memoir, as we mean to couple 
with them the analogous properties of the surfaces of the 
second degree. 

9. It is surprising that the elegance of M. Magpnus's two 
propositions has not yet directed the attention of geometers 
to researches of this kind, and that the theory of the spherical 
conies has yet to be constructed, although, in consequence of 
the duality of all the propositions of spherical geometry, it 
admits perhaps of a wider extension than that of the plane 
conic sections. 

We do not, indeed, pretend to lay before the reader a theory 
of these conies ; but we propose merely to state a certain 
number of those among their properties whieh relate to the 
foci and to \\\^ cyclic ares^ and which result immediately from 
those which we have proved relative to the cones of the 
second degree. It is manifest that various other known pro- 

f>erties of the cones of the second degree, would furnish, in 
ike manner, and without difficulty, properties of the spherical 
conies, which ought to find a place m a treatise on these 
curves. 

10. A spherical ellipse and a spherical hyperbola have each 
only two foci; but a complete spherical conic has four foci 
placed at the extremities oi two diameters of the sphere. In 
the theorems relating to two foci, we must always be under- 
stood to refer to two foci assumed respectively on these 
two diameters, and not to two foci assumed upon the same 
diameter; for the two foci ought to belong to the two focal 
lines of the cone on which the conic is traced. 

But it will be more simple to suppose, in all that follows, 
that the conic is a single spherical ellipse or hyperbola, and 
to consider upon the sphere only the nemisphere on which 
this ellipse or hyperbola is traced; by this means we shall 
avoid aU ambiguity ; an arc of a great circle touching the 
curve will have only* one point of contact with it, whflst it 
would touch it in two points, were we to consider the com- 
plete conic ; any two ares of great circles will intersect in only 
one point, since we consider only one-half of the sphere ; for 
the same reason three arcs of great circles will intersect two 
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by two in only three points, and will fonn but a single spheri- 
cal triangle. 

As we shall only have to speak of ares of great circles, 
we may be allowed, for the sake of brevity, to use merely 
the word arc ; and it must be fidly understood that we only 
mean arcs of great circles. 

We shall c^ the angle formed by two arcs of great circles 
a spherical angle ; their point of intersection will be the vertex 
of the angle. We shall call every arc of a great circle passing 
through me focus of a conic a vector arc. 

The properties of the spherical conies which we are about 
to state bemg all immediate conseauences from those of the 
cones of the second degree, which we have proved in the 
preceding Memoir, it will be sufficient to give the enunciations 
of them, indicating, in the case of each, the corresponding 
property of the cones of the second degree (a). 

SECTION II. 

PROPERTIES RELATING TO THE TWO CYCLIC ARCS OF A 
SPHERICAL CONIC ; AND PROPERTIES RELATING TO ITS 
TWO FOCI. 

11. The two theorems (20 a,) lead to the following : 

Every arc of a great circle touch- The vector arcs, drawn from the 

ing a spherical conic intersects the two foci of a spherical conic to any 

two cyclic arcs in two points, which point on the curve, make equid 

are equally distant from the point angles with the arc of a great circle 

of contact with this tangent arc. touching the conic at that point. 

12. Conversely, 

If a curve traced upon a sphere If a curve traced iipon a sphere 
be such that every arc of a great be such that the arcs of great circles, 
circle, touching the curve and ter- drawn from two fixed points to any 
minated by two fixed arcs of great point in the curve, make equal angles 
circles, is bisected at the point with the arc of a great circle touch- 
where it touches the curve, this ing the curve at that point, this 
curve is a spherical conic. curve is a spherical conic. 

This follows from the two theorems (21 a.) 

13. The two theorems (22 a,) lead to the following, of 
which the two in Ko. II are only particular cases : 

Every arc of a great circle inter- The two vector arcs, drawn from 
sects a spherical conic in two points the two foci of a spherical conic to 

(a) We shall use numbers, followed by the letter a, in referring to the 
paragraphs of the preceding Memoir. 
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which are equally distant from the the point of intersection of two arcs 
points in which this arc respectively touching the curve, respectively make 
cuts the two cyclic arcs. equal angles with these tangent 



arcs. 



1 4. Theorems (23 a,) lead to the following : 

The planes of two arcs touch- The planes of four vector arcs 

ing a spherical conic intersect the drawn firom the two foci of a sphe- 

planes of the two cyclic arcs in four rical conic to any two points of the 

ri^ht lines, which are the genera- curve will all touch the same right 

trices of a right cone whose axis of cone whose axis of revolution is the 

revolution is perpendicular to the right line of intersection of the planes 

plane of the great circle passing of the two arcs touching the conic at 

through the two points of contact these -two points, 
of the tangent arcs. 

15. Theorems (24 a,) lead to the following : 

The sum or the difference of the The sum or the difference of the 

angles which each arc touching a vector arcs drawn firom the two foci 

spherical conic makes with the two of a spherical conic to any point of 

cyclic arcs is constant. the curve is constant. 

16. Theorems (25 a,) lead to the following : 



Every arc of a great circle touch- 
ing a spherical conic intersects the 
two cyclic arcs in two points, such 
that the product of the trigonome- 
tric tangents of the semi-arcs lying 
between these points and the point 
of intersection of the two cyclic 
arcs is constant. 



The vector arcs, drawn from the 
two foci of a spherical conic to any 

Soint of the curve, make, with the 
iametral arc which joins the two 
foci, two angles, such that the 
product of the trigonometric tan- 
gents of their halves is constant. 



17. Theorems (26 a,) lead to the following: 

In every spherical conic the pro- In every spherical conic the pro- 
duct of the smes of the arcs of great duct of the sines of the arcs of great 
circles drawn from any point of the circles drawn from the two foci at 
curve at right angles with the two right angles with any arc touching 
cyclic arcs is constant. the curve is constant. 

18. The two theorems (28 a, second and first columns,) 
respectively lead to the two following ; 

A spherical conic and its two If from the foci of a spherical 

cyclic arcs being given, if one ex- conic arcs be drawn perpendicular 

tremity of an arc. of 90** traverse to the arcs touching the curve, their 

either of the two cyclic arcs whilst respective points of intersection with 

the other extremity moves along these tangent arcs will be upon a 

the conic, this quadrantal arc will second spherical conic, which will 

envelope a second spherical conic, have a double contact with the given 
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which will have a double contact one^ and whose cyclic arcs will be 

with the given one^ and whose foci in the planes peipendicular to the 

will be the extremities of the radii radii of the sphere which pass 

of the sphere perpendicular to the through the two foci of the given 

planes of the cyclic arcs of the conic, 
given conic. 

19. The two theorems (31 a, second and first columns,) 
respectively lead to the following : 

A spherical conic and one of its If from a focus of a spherical 

cyclic arcs being given, if between conic two arcs be drawn perpen- 

this arc and the curve, two arcs of dicular to two arcs touching the 

90) be inserted* and from their curve* and if the feet of the two 

Soint of intersection a third qua- perpendicular arcs be joined by an 

rantal arc be drawn terminating in arc of a great circle, the arc drawn 

the arc which joins those two ex- at right angles with this latter from 

tremities of the two former ones the point of concourse of the two 

which lie upon the conic* this ex- tangent arcs will pass through the 

tremity of the third arc will fall second focus of the curve, 
upon ihe second cyclic arc of the 
conic. 

20. Theorems (32 a,) lead to the following : 

If two spherical conies have the If two spherical conies which have 

same cychc arcs, and a common the same foci intersect, they will be 

tangent arc be drawn to them* the at right angles to each other at 

part of this arc intercepted between each point of intersection, 
the two points of contact will be a 
quadrant. 



SECTION III. 

PROPERTIES OF THE SPHERICAL CONICS RELATING TO A 
SINGLE CYCLIC ARC ; AND PROPERTIES RELATING TO A 
SINGLE FOCUS. 

21. If through any point on the surface of a sphere two arcs 
of great circles be drawn touching a spherical conic, the arc 
of a great circle joining the two points of contact, may be 
called the polar arc of the point with relation to the conic ; 
and conversely, this point will be called the pole of its polar 
arc. 

From the properties of right lines and polar planes in cones 
of the second degree which have been stated (1 «,) it evidently 
follows, that 

The polar arcs of all the points of any arc of a great 
circle^ with relation to a spherical conic j pass all of them 
through the same pointy which is the pole of that arc ; and 
conversely. 
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The poles of all ike arcs of great circles passing through 
the same pointy taken with relation to a spherical conic, are 
all of them upon the same arc of a great circle which is the 
polar arc of the fixed point. 

To the polar arcs of its foci we give the name of director 
arcs of a spherical conic. 

22. Hence, the two theorems (34, a,) lead to the following : 

In every spberical oonic^ the sine In every spherical conic^ tbe ratio 

of tbe angle which each tangent arc of the aines of the arcs which measure 

to the curve makes with a cyclic the distances of each point on the 

arc has a constant ratio to the sine curve from a focus and from its cor- 

of the distance of this tangent aro responding director arc is constant, 
from the pole of the cyclic arc, 

23. Theorems (36, a,) lead to the following : 

Every arc touching a spherical The two vector arcs drawn from 

conic^ and the arc drawn through one focus of a spherical conic to 

its point of contact and through the anv point of the curve and to the 

pole of a cyclic arc of the conic» pomt where its tangait arc at the 

meet that cyclic arc in two points former point meets the director 

the distance between which is 90«. arc, are always at right angles. 

24. Theorems (37, a,) lead to th^ following : 

Two tangent arcs to a spherical The vector arcs drawii from a 

conic, and the arc which joins their focus of a spherical conic to two 

points of contact with the curve, in- points of the curve make equal 

tersect the cyclic arc in three points^ angles with the vector arc drawn to 

the third of which bisects the dis- the point of intersection of the two 

tance between the first two. arcs touching the conic at those two 

points. 

25. Theorems (38, a,) lead to the following : 

Two tangent arcs to a spherical The vector arcs drawn from a 

coniCj and the arc passing through focus of a spherical conic to two 

their point of intersection and points on the curve make equal 

through the pole of a cyclic arc, angles with the vector arc drawn 

meet that arc in three points the to the point in which the arc joining 

third of which bisects the <tistance the two points on the curve meets 

between the other two. the director arc. 

26. Theorems (39, a,) lead to the following : 

The arc passing through the pole The two vector arcs drawn from 

of a cyclic arc of a spherical conic, one focus of a spherical conic to 

and through the point of inter- the point of intersection of two arcs 

section of two arcs touching the toucning the curve, and to the point 

curve, and the arc passing through in which the arc passing through 

the two points of contact of these the two points of contact meets the 

tangent arcs, meet the cyclic arc in director arc, are at right angles, 
two points, the distance between 
which is W, 

H 
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The points in which the arc join- The two arcs passing through the 
ing the two points of contact meets point of concourse of the two tan- 
th^ cyclic arc, and the arc which joins ffent arcs, and passing, the one 
its pole with the point of concourse uurough the focus of the conic, and 
of the two tangent arcs, are harmonic the oUier through the point in which 
conjugates with relation to the two the arc which joins the two points 
points of contact. of contact meets the director arc, 

are harmonic conjugates with re- 
lation to the two tangent arcs. 

27. The two theorems (40, a,) lead to the following: 

If through a point assumed upon If through a focus of a spherical 

acyclic arc of a spherical conic two conic a transversal arc he drawn, its 

arcs he drawn touching the conic, pole with relation to the conic wiU 

the arc joining the two points of oe upon the director arc, and the 

contact will meet the cyclic arc in a arc drawn from the focus to this 

point whose distance from the for- pole will he perpendicular to the 

mer is 90®. transversal arc. 

28. Theorems (41, a,) lead to the following : 

When a spherical quadrilateral is When a ^herical quadrilateral is 
inscrihed in a spherical conic, the circumscrihed ahout a spherical 
portion of a cyclic arc of the conic, the angle hetween the two 



come included hetween two ad- 
jacent sides of the quadrilateral is 
supplemental to the arc included he- 
tween the two other sides. 



vector arcs drawn from one focus 
to two adjacent vertices of the 
quadrilateral is supplemental to 
tiie angle hetween the two vector 
arcs drawn to the two other verw 
tices. 



29. Theorems (42, a,) lead to the following : 

If through two fixed points on a Two fixed arcs heing drawn 

spherical conic two arcs he drawn touching a spherical conic, and any 

which intersect in any third point third tangent arc intersecting the 

of the curve, the segment which two former in two points, the vector 

they will intercept upon a cyclic arcs drawn from a focus of the conic 

arc will he of invariable magnitude, to these two points will contain be- 
tween them a constant angle. 

This segment will be a quadrant, This angle will be right, if the 

if the arc which joins the two fixed point of concoiurse of the two fixed 

points passes through the pole of the tangent arcs be upon the director 

cyclic arc. arc corresponding to the focus. 

30. The two theorems (43, a,) lead to the following : 

If through the two vertices which 
are at the extremities of the least dia- 
metral arc of a spherical ellipse two 
arcs be drawn intersecting in any 
third point of the curve, the segment 
intercepted between these two arcs 
upon a cyclic arc will be a quadrant. 



Every arc touching a spherical 
conic cuts the arcs touching the 
curve at the two vertices which 
are at the extremities of its greatest 
diametral arc in two points such 
that the two vector arcs drawn from 
a focus to these two points are at 
right angles. 



OF THB SPHERICAL CONICS. 51 

31. Theorems (44, a,) lead to the following: 

If upon a cyclic arc of a spherical If round a focus of a spherical 
conic a segment of given magnitude conic^ as vertex, a spherical angle of 
be arbitrarily assumed, and through invariable magnitude be made to 
one of its extremities and a fixed turn,and through the point where one 
point of the ciurve an arc be drawn of its sides meets a fixed arc touch- 
meeting the ciu've in a second point, ing the curve, a second tangent arc 
the arc drawn through this second be drawn, this arc will meet the 
point and through the other extre- second side of the angle in a point 
mity of the segment will pass through the geometric locus of which will 
a fixed point on the come. be an arc touching the conic. 

32. Theorems (45, a,) lead to the following : 

If through a point assumed arbi- If through a focus of a spherical 

trarily on a cychc arc of a spherical conic an arc be drawn arbitrarily 

conic two arcs be drawn touching meeting it in two points, the sum of 

the curve, the sum of the trigone- the trigonometric co-tangents of the 

metric co-tangents of the angles arcs lying between the foci and 

which they m&e with the cyclic arc these two points will be constant, 
will be constant. 



SECTION IV. 

GEOMETRIC LOCI RELATING TO THE CYCLIC ARCS AND TO 
THB FOCI OF THE SPHERICAL CONICS. 

33. Theorems (46 a,) lead to the following : 

If the sides of a spherical angle Two fixed arcs and a point being 

of variable magnitude pass always given on a sphere, if round this 

through two fixed points on the sur- point as vertex a spherical angle of 

face of a sphere, whilst the segment mvariable magnitude be made to 

intercepted between its sides upon turn, and if the two points in which 

an arc of a given great circle is of its sides respectively meet the two 

a constant length, the vertex of this fibced arcs be joined by an arc of a 

angle will generate a spherical conic great circle, this arc will envelope a 

wmch will have the fixed arc for a spherical conic which will have the 

cyclic arc, and which will pass fixed point for a focus, and which 

through the two fixed points. will touch the two fixed arcs. 

34. Theorems (47 a,) lead to the following : 

If two tangent arcs be drawn to a If an angle of invariable magni- 

spherical come so that the segment tude be made to turn round a focus 

intercepted between them upon a ofa spherical conic as vertex, the arc 

cyclic arc of the conic may be of a joining the two points in which its 
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ooDstaiit lengthy the geoBMirie locos ades meet iSbe conre will enrdope 

of the fHnitt of coDcoime of these a second ocMiic. 
two arcs will he a second spherical 
conic. 

The arc joining the two jwints The tangent arcs to the ^ven 
of contact of these two ares with the conic at th^ two points will inter- 
given conic wiU enrelope a third sect iqion a third conic 
conic. 

The cyclic arc in question wiUbe The focns in question will also be 

a ^clic arc of the two new conies, a focus of the two new conic8» and 

and this arc wiQ have the same pole the corresponding director arc will 

with relation to the three conies. he the same in the three conies. 

35. Theorems (48^ a,) lead to the following : 

If round a fixed point assumed on If round a focus of a spherical 

a spherical conic a ^herical ai^le conic as Tertez a spherical angle of 

of yariable masmtude he made to iuTariable magnitude be to turn* 

torn, whose noes interc^ upon a and through the two points in which 

cycUc arc of the curve a s^^ment of its rides meet a fixed arc touching 

a constant length, the arc jomins the the conic two arcs be drawn touchy 

two points in which the rides of this ing the curve, the point of concourse 

ai^le meet the conic will envelope of these two arcs will generate a 

a second conic ; the cyclic arc upon second conic ; the focus of the 

which the segments are measured given conic wUl also be a focus of 

will be a cyclic arc of the new conic, the new conic, and the corresponding 

and it win have the same pole in director arc will be the same in the 

the two curves. two curves. 

36. Theorems (49, a,) lead to the following : 

A spherical conic and a fixed arc A'spherical conic and a fixedpoint 

arbitrarily drawn being given, if arbitrarily assumed on tiie sphere 

two tangent arcs to the conic be being given, if round this pomt as 

drawn so that the s^ment inter- vertex a right spherical an^le be 

cepted between them on the p;iven made to turn, and if the pomts in 

arc may be a quadrant, the pomt of which its rides meet the conic, taketi 

concourse of these two arcs will two by two, be joined by four arcs, 

generate a second conic which will these four arcs will envelope a 

have the ^ven arc for a cyclic arc. second conic of winch the fixed point 

will be a focus. 

This arc will have the same pole This point will have the same 

in the two conies. polar arc in the two curves. 

87. ij^ the fixed arc he one of the Jf the fixed point be the aentre 

principM diametral arcs of the come, of the conic j the theorem may he thus 

the tneorem may he thus stated : stated: 

If a variable spherical anffle, cir- If a right spherical angle turn 

cumscribcd about a spherical conic, round the centre of a spherical conic 

move so tiiat the se^ent inter- as vertex, the arc joimng the points 

cepted between its sides upon a in which its two rides meet the 

pmcipal diametral arc of the conic curve will envelope a small circle of 

may always be a <|uadrant, the the sphere., 
vertex of this angle will generate a 
small circle of the sphere. 
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This is also a consequence from the two theorems (50, a.) 
38. The two theorems (51, a,) lead to the following : 

If round two fixed points on a Two fixed tangent arcs being drawn 
spherical conic two arcs be made to to a spherical conic, any thurd tan- 
turn intersecting in any third point gent arc will intersect tnem in two 
of the curve^ these arcs will re- points^ and the arcs respectively 
spectively meet the two cyclic arcs drawn through these points and 
of the conic in two points, and the through the two foci of the 
arc joining these two points will conic will intersect in a point the 
envelope a spherical come touching geometric locus of which will be a 
these two cyclic arcs. spherical conic passing through the 

two foci of the given one. 

39* Theorems (52, a,) lead to the following : 



If round two fixed points two 
arcs be made to turn, containing be- 
tween them a right angle^ their 
point of intersection will generate a 
spherical conic passing through the 
two fixed points, and whose cyclic 
arcs will be in the two planes per- 
pendicular to the radii of the sphere 
drawn to the two fixed points. 



If the extremities of an arc of90« 
move along the sides of any given 
spherical angle, this moveable arc 
will envelope a spherical conic which 
will touch me two sides of the angle, 
and whose foci will be the extremi- 
ties of the radii of the sphere per- 
pendicular to the planes of these 
sides. 



40. Theorems (53, a,) lead to the following : 



Two fixed arcs being given upon 
a sphere, if a point be sought such 
that the product of the sines of its 
distances from the two fixed arcs 
may be constant, the geometric 
locus of this point will be a spheri- 
cal conic whose cyclic arcs will be 
the two given arcs. 



Two fixed points being given upon 
a sphere, if an arc be drawn such 
that the product of the sines of its 
distances from these two points 
may be constant, this arc wiU 
envelope a spherical conic whose 
foci will be the two given points. 



41. Theorems (54, a,) lead to the following : 



An arc and a point being given A point and an arc being given 

upon a sphere, if an arc be sought upon a sphere, if a point be sought 

such that the sine of the angle which such that the sines of its distances 

it malses with the given arc, and the from the given point and arc may 

sine of its distance from the ^ven have a constant ratio, the geometric 

point, may have a constant ratio, locus of this point will be a conic of 

this arc will envelope a conic which which the given point will be a focus ; 

wiU have the given arc for a cyclic and the given arc will be the 

arc ; and the nvenpoint will be, with director arc corresponding to that 

relation to uiis conic, the pole of focus, 
that cyclic arc. 

42. If in the second theorem the ratio of the sines be one 
of equality, we infer from it, that 
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The spherical curve every point of which is equidistant 
from a given point and from a given arc of a great circle is 
a conic having this point and arc for a focus and its cor-- 
responding director arc. 



SECTION V. 

PROBLEMS RELATING TO THE CYCLIC ARCS AND TO THE 
FOCI OF THE SPHERICAL CONICS ; AND GENERAL PRO- 
PERTIES OF SPHERICAL TRIANGLES AND QUADRILATE- 
RALS. 

43. When a cyclic arc of a sphe- When a focus of a spherical conic 

rical conic is given, only three other is given, only three other conditions 

conditions are required in order to are required in order to determine 

determine the curve. the curve. 

This is a consequence of what we have said with reference 
to cones of the second degree {6Q^ a.) 

44. Theorems (57, a,) lead to the following : 

A cyclic arc and tvo points of a A focus and two tangent arcs to 

spherical conic heing given^ the a spherical conic heing given, the 

pole of this cyclic arc lies upon the director arc corresponding to that 

arc which passes through tne two focus passes through the point of 

following points : intersection of the two following 

arcs: 

1. The point which is, with rela- 1. The arc which passes through 
tion to the two given points^ the the point of concourse of the two 
harmonic conjugate of that in which given tangents, and which is the 
the arc joining these two points harmonic conjugate, with relation 
meets the given cyclic arc. to these two arcs, of the arc drawn 

through this point of concourse and 
throu^ the given focus. 

2. The point on the cyclic arc 2. The arc drawn through this 
which is 90o distant from that in focus perpendicular to this latter 
which this arc meets the arc joining arc joining the focus with the point 
the two given points. of concourse of the two tangent arcs. 

45. Theorems (58, a,) lead to the following : 

A cyclic arc and two tangent arcs A focus and two points on a 

to a spherical conic heing given, spherical conic heing given. 

The pole of that cyclic arc lies The director arc corresponding 

upon the arc drawn through the to that focus passes through the 

point of concourse of the two tan- point in which the arc joining the 

gent arcs and through the middle two given points meets the vector 

of the arc (or the supplement of arc which bisects the angle (or the 

the arc) intercepted upon this cyclic supplement of the angle) contained 
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lore between the two ^vea tangent "between the two vector arcs drawn 
arcs. from the given focus to the tw© 

points on the conic. 

46. The two theorems (44,) respectively contain the so- 
lutions of the two following problems : 

Problem. — Given three points and Problem. — Given three tangent 

a cyclic arc of a spherical conic> to arcs and a focus of a spherical conic, 

determine the pole of this cyclic to determine the director arc corres- 

arc. ponding to this focus. 

47. The two theorems (45,) in like manner enable us to 
resolve the two following problems, each of which admits of 
four solutions : 

Problem. — Given three tangent Problem, — Given three tangent 

arcs and a cyclic arc of a spherical arcs and a focus of a spherical conic, 

conic, to determine the pole of this to determine the director arc cor- 

cyclic arc responding to that focus. 

48. We have just seen (46,) that 

A spherical triangle being given, A spherical triangle being given, 

and also any arc of a great circle, and also a fixed point upon the 

this arc may be considered as a cyclic sphere, this point may be considered 

arc of a spherical conic parsing as the focus of a spherical conic 

through the three vertices of the touching the three sides of the tri- 

triangle. angle. 

This remark will aid us in the proof of some general pro- 
perties of spherical triangles and quadrilaterals. 

49. Theorems (13,) lead, as appears from what we have 
just said, to the two following properties of spherical triangles: 

If a spherical triangle and a trans- A spherical triangle being given^ 

versal arc be given, and upon each if through a fixed point an arc be 

side of the triangle a point be as- drawn to each vertex of the triangle, 

simied whose distance from one ex- and through that vertex a second 

tremity of that side is equal to the arc be drawn which makes with one 

distance of the other extremity of the adjacent sides of the triangle 

from the point in which the trans- an angle equal to that which the 

versal arc meets the side, the three first arc makes with the other side, 

points thus determined upon the the three arcs thus drawn will pass 

three sides of the triangle will lie through the same point, 
upon the same arc of a great 
circle. 
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This arc and the given transyenal This point and the gmn point 

arc will be the cjclic arcs of a conic will be we fod of a spherical conic 

cnrcnmscribed about the spherical inscribed in the given triangle, 
triangle. 

50. This theorem furnishes the This theorem Jundshes the so- 
solution of the foUawmg hUion of the following 

Problem, — Given three points Prohlenu — Given three tangrait 

and a cyclic arc of a spherical conicy arcs and a focus of a spherical conic, 

to determine the second cyclic arc to determine the second focus of 

of this curve. this curve. 

51. Theorems (18) lead to the two following properties of 
spherical triangles : 

A spherical triangle and a trans- If from a point assumed arbi- 

versal arc being given, if upon this trarily upon a sphere three arcs be 

arc three points be assumed which drawn perpendicular to the three 

are respectively distant by 90® from sides of a sphericad triangle, and 

the three vertices ofthe triangle, and through the feet of these perpen- 

these points be connected with the diculars a spherical conic be made 

three vertices by three arcs, if we now to pass, which has for a cyclic arc 

describe a come touching these last the great circle contained in the 

three arcs and having for its focus plane perpendicular to the radius of 

the extremity of the radius of the the sphere drawn to the given pointy 

sphere perpendicular to the plane of this conic will meet the three sides 

the given transversal arc, and of the triangle in three new points 

through the vertices of the given such that the arcs drawn through 

triangle dr^w three new arcs touch- these points and respectively perpen- 

ing tills conic, and if we assume dicular to the three ddes wiU pass 

upon these arcs three points res- through the same point, 
pectively distant by 90® from the 
vertices, these three points will be 
upon the same arc of a great circle. 

This arc will be in the plane per- This point will be the extremily of 

pendicular to the radius of the the radius perpendicular to the 

sphere drawn to the second focus of plane of the second cyclic arc of the 

the conic. conic. 

52. Theorems (19) lead to the two following properties 
of spherical triangles : 

A triangle and an arc of a great If from a point assumed upon a 
circle being traced upon a sphere, sphere arcs be drawn perpendicular 
if through each vertex of the tri- to the three sides of a spherical tri- 
angle an arc of 90> be drawn termi- angle, their feet will be the three 
nated by the given arc, the three vertices of a new triangle inscribed 
arcs thus drawn will form a second in the first ; and if from the ver- 
spherical triangle ; if through the tices of the first triangle arcs be 
vertices of this new triangle three drawn respectively perpendicular to 
arcs of 900 b© drawn, respectively the opposite sides of the second tri- 
terminated bv the three opposite angle, these three arcs will pass 
sides of the first triangle, the ex- through the same point, 
tremities of these three arcs will lie 
upon the same arc of a great circle. 
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53. The two theorems (67 a,) lead to the following : 



If about a spherical conic any 
number of spherical triangles be 
circumscribed; and as many spheri- 
cal conies be circumscribed about 
these triangles, having all of them 
for a common cyclic arc a fixed 
tangent arc to the given conic, all 
these curves will pass through the 
same point. 



If in a spherical conic any num- 
ber of spherical triangles be in- 
scribed, and as many spherical co- 
nies be inscribed in these triangles, 
having all of them for a common 
focus, a fixed point on the given 
conic, all these curves will touch 
the same arc of a great circle. 



54. From the two theorems (68 a,) we deduce the foU 
lowing : 



A spherical conic being given, if 
any spherical triangle be circum- 
scribed about it, and if upon a fixed 
arc touching the conic tnree points 
be assumed such that the arcs res- 
pectively drawn firom these points 
to the three vertices of the triangle 
may be quadrants ; and if we fur- 
ther suppose a conic to be described 
touching thes^ three arcs, and hav- 
ing for its focus the extremity of 
the radius of the sphere perpendicu- 
lar to the plane of the fixed arc, this 
new conic will always touch the 
same arc of a great circle, whatever 
be the triangle circumscribed about 
the given conic. 

55. The two theorems (69 a,) lead to the two following 
general properties of spherical quadrilaterals : 



If from a fixed point assumed 
upon a spherical conic, three arcs 
be drawn perpendicular to the sides 
of a spherical triangle inscribed in 
the conic, and if through the feet of 
these perpendiculars a spherical 
conic be made to pass, having for 
a cyclic arc the arc of a great 
circle lying in the plane perpendi- 
cular to the radius of the sphere 
drawn to the fixed point on the 
given conic, this new conic will al- 
ways pass through a fixed point, 
whatever be the triangle inscribed 
in the given conic. 



A spherical quadrilateral being 
^ven, its sides, taken three by three, 
will form four triangles ; if through 
the vertices of each of these tri- 
angles three quadrantal arcs be 
drawn, terminated by the same 
given arc of a great circle, and if a 
conic be described, touching th^se 
three arcs, and having for a fotxxs 
the extremity of the radius of the 
sphere perpendicular to the plane 
of the given great circle, the four 
oonics thus determined will all 
touch the same arc of a greitt 
circle. 



A spherical quadrilateral being 

fiven, its four vertices, taken three 
y three, will determine four tri- 
angles ; if from a fixed point arcs be 
drawn perpendicular to the three 
sides of each of these triangles, 
and if through the three points in 
which these arcs respectively meet 
the sides, a spherical conic be made 
to pass, having otie of its cyclic 
arcs in the plane perpendicular to 
the radius of the spna*e which is 
drawn to the given fixed point, the 
four conies thus determined will all 
pass through the same point. 
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SECTION VI. 



ORGANIC DESCRIPTION OF THE SPHERICAL CONICS. 



56. The two theorems (71 a,) relating to the description of 
the cones of the second degree^ respectively lead to the two 
following : 

If along two given fixed arcs any 
two segments, each of invariable 
magnitude, be made to move^ 
so that the arc joining two of 
their extremities may turn round 
a fixed pointy the arc joining their 
two other extremities will envelope 
a conic which will touch the two 
fixed arcs along which the two seg- 
ments move. 



If any two spherical angles, each 
of invariable magnitude, turn round 
two fixed points as vertices^ so that 
two of their sides intersect on a 
given fixed arc, the point of inter- 
section of their two other sides will 
generate a spherical conic which 
will pass through the two fixed ver- 
tices of the moveable angles. 



The first of these two theorems is exactly analogous to that 
of Newton, relative to the organic description of the plane 
conic sections. 



57. Problem, — Given five points 
of a spherical conic, to determme all 
the other points of the ciurve by the 
movement of two spherical angles 
round their vertices. 

Let A, B, c, D, E, he the Jive 



Problem, — Given ^ye tangent 
arcs to a spherical conic, to deter- 
mine all the other tangent arcs of 
the curve by the movement of two 
arcs along the circumferences of 
two great circles. 
Let A, B, c, D, E, be the five 
given points ; let us take the first given arcs ; let us take the circum- 
two A, B, for the vertices of the ferences of the great circles to which 



two moveable angles, and these 
angles vnll be (cab), (cba). 



Now let these angles be turned 
round their vertices a, b, so that 
their sides ca, cb, may pass at the 



the first two, a, b, bel<mg, for those 
along which the two moveable cares 
are to be measured; the third arc c, 
prodvjced if necessary, wUl meet the 
first two A, B, in two points, and 
the arcs vnjcluded between these two 
points and the point of intersection 
of A and "B will be the two moveable 
arcs. 

Now let these two arcs be moved 
along their circumferences, so that 
their extremities, which bejfbre were 



same time through the point d, and placed upon the arc c, may be upon 

again through the point e ; their the arc d> and again upon the arc 

two other sides, which originally e; their two other extremities, 

coincided with the arc ab, ujiH sue- which originally coincided with the 

cessively intersect in two points point of intersection of the two arcs 

d\ b'. a, b, vjiU successively determine two 

arcs d', e'. 
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Let the point of intersection of Let the arc joining the same two 
the same two sides traverse the arc extremities turn round the point of 
of a great circle determined by intersection of these two arcs V) , ^' ; 
the two points d', e' ; the point of the arc joining the two other ex- 
intersection of the two other sides tremities of the two moveable arcs 
will generate the required conic, as will envelope the required conic, as 
appears from the preceding theo- appears from the preceding theo- 



rem, rem. 



SECTION VII. 

PROPERTIES OF THE PLANE CONIC SECTIONS DEDUCED AS 
CONSEQUENCES FROM THOSE OF THE SPHERICAL CONICS. 

68. We have stated (8), that from the propositions relative 
to the spherical conics, contained in this memoir, we might 
deduce a very great nuYnber of the properties of the foci of 
the plane conic sections, and some properties of the asymp- 
totes of the hyperbola. 

For this purpose, it is sufficient to suppose that the centre of 
the sphere recedes to an infinite distance upon the radius which 
passes through the centre of the spherical conic. This curve 
will degenerate into a plane conic which will be an ellipse or 
a hyperbola ; and the properties of the foci of the spherical 
conies will become those of the plane conies. 

In the case where the conic becomes a hyperbola, the cyclic 
arcs will b^come^two fixed right lines drawn through the centre 
of the curve ; and the properties of the cyclic arcs will apply 
to these two right lines, which each of these properties leads 
us to recognize as the asymptotes of the hyperbola. 

59. We shall state the various theorems which may be de- 
duced in this way from the properties of the spherical conies ; 
at the end of each we shall refer to the number of the theorem 
from which it is a consequence. First, we shall give those 
which relate to the foci, and afterwards those which relate to 
the asymptotes. 

These two classes of theorems which are thus found to have 
a common origin, present a remarkable connexion between the 
properties of the foci and those of the asymptotes ; properties 
so different both in their statement and in the proofs usually 
given of them. When discussing the new properties of the 
conic sections of which we have spoken (8), we mean to shew 
how close a relation subsists in other respects between the foci 
of the conic sections and the asymptotes of the hyperbola* 
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I. 

GENERAL PROPERTIES OF THE TWO FOCI OF THB PLANE CO- 
NIC SECTIONS CONSIDERED SIMULTANEOUSLY. 

1. The radii vectores drawn from the two foci to any point 
of the conic section make equal angles with the tangent at that 
point (11). 

2. Conversely : If a curve be such that the radii vectores 
drawn from two fixed points to each point on it make equal 
angles with the tangent at that point, the curve is a conic 
section (12). 

3. The two radii vectores drawn from the two foci of a conic 
section to the point of concourse of two tangents respectively 
make equal angles with those tangents (13). 

4. The four radii vectores drawn from the two foci of a conic 
section to any two points on it are tangents to the same circle, 
whose centre is the point of concourse of the tangents to the 
conic section at those two points (14). 

5. The sum or the difference of the two radii vectores drawn 
from the two foci of a conic section to any point on it is con- 
stant (15). 

6. The product of the trigonometric tangents of the semi- 
angles, which the two radu vectores, drawn from the two 
foci of the conic section to any point on it, make with its major 
axis, is constant (16). 

7. The rectangle under the perpendiculars let fall from the 
two foci of a conic section on each tangent to the curve is con- 
stant (17). 

8. The locus of the feet of the perpendiculars, let fall from the 
two foci of a conic section upon its tangents, is a circle (18). 

9. If from a focus of a conic section perpendiculars be let fall 
upon two tangents to the curve, and if a right line be drawn 
joining their feet, the perpendicular drawn to this right line from 
the pomt of concourse of the two tangents will pass through 
the second focus of the curve (19). 

10. If two conic sections which have the same foci cut one 
another, they are at right angles to each other at each point 
of intersection (20). 

11. 

PROPERTIES OF THE PLANE CONIC SECTIONS RELATING TO A 

SINGLE FOCUS. 

1 . The ratio of the distances of each point on a conic sec- 
tion from a focus and from the corresponding directrix is 
constant (22). 
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2. The radii vectores drawn from a focus of a conic sec- 
tion to a point on the curve, and to the point where the tang^ent 
at that former point meets the airectrix, are at right 
angles (23). 

3. The radii vectores drawn from a focus of a conic section 
to two points on the curve make equal angles with the radius 
vector drawn to the point of concourse of uie two tangents at 
those points (24). 

4. The two radii vectores, drawn from a focus of a conic 
section to two points on the curve, make equal angles with 
the radius vector drawn to the point in which the chord join- 
ing the two points on the curve meets the directrix (25). 

5. The radius vector drawn from a focus of a conic sec- 
tion to the point of concourse of two tangents to the curve, 
and the radius vector drawn to the point m which the chord 
joining the two points of contact meets the directrix, are at 
right angles. 

The two right lines drawn through the point of concourse 
of the two tangents, and passing, the one through the focus, 
and the other through the point in which the chord joining 
the two points of contact meets the directrix, are harmonic 
conjugates with relation to the two tangents (26). 

6. If a transversal be drawn through the focus of a conic 
section, its pole, with relation to the curve, will be upon the 
directrix, and the radius vector drawn from the focus to this 
pole will be perpendicular to the transversal (27). 

7. When a quadrilateral is circumscribed aoout a conic sec- 
tion, two opposite sides of the quadrilateral subtend at either 
focus two angles supplemental one to the other (28). 

8. Two fixed tangents being drawn to a conic section, the 
part of another moveable tangent intercepted between the two 
former ones will subtend at either focus an angle of invariable 
magnitude. 

This angle will be right, if the point of concourse of the 
two fixed tangents be upon the directrix (29). 

9. The portion of any tangent of a conic section intercepted 
between the two tangents drawn at the extremities of the 
major axis subtends a right angle at either focus (30). 

10. A conic section and a fixed tangent to it oeing given, 
if round either focus, as vertex, an angle of invariable magni- 
tude be made to turn, and through the point in which one of 
its sides meets the fixed tangent we draw a second tangent to 
the curve, this second tangent will meet the second side of 
the angle in a point, the geometric locus of which will be a 
tangent to the conic section (31). 

1 1 . Any chord of a conic section passing through a focus 
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is divided at that point into two parts the sum of the reci- 
procals of which is constant (32). 

III. 

GEOMETRIC LOCI RELATING TO THE FOCI OF THE PLANE 

CONIC SECTIONS. 

1. If an angle of invariable magnitude be made to turn 
round a fixed point as vertex, and if a right line be drawn 
joining the two points in which its tWo sides respectively meet 
two given ri^ht lines, this right line will envelope a conic sec- 
lion whose locus will be the vertex of the moveable angle, 
and which will touch the two given right lines (33). 

2. If an angle of invariabk magnitude be made to turn 
round the focus of a conic section as vertex, the chord which 
it will subtend will envelope a second conic section. 

The tangents to the given conic section at the extremities 
of this chord will intersect in a point the geometric locus of 
which will be a third conic section. 

These two new conic sections will have the same focus as 
the given conic section, and the same corresponding direc- 
trix (34). 

3. If an angle of given magnitude be made to turn round 
the focus of a conic section as vertex, and through the points 
in which its sides meet a tangent to the curve, two new tan- 
gents be drawn, their point of concourse will generate a 
second conic section, of which the fixed vertex of the moveable 
angle will be a focus, and the corresponding directrix will be 
that of the given conic section (35). 

4. If in the plane of a conic section a right angle be made 
to turn round a fixed point as vertex, the chord subtended in 
the conic section by the sides of this angle will envelope a 
second conic section, one of whose foci will be at the fixed 
point, and the corresponding directrix will be the polar of this 
point with relation to the given conic section (36). 

If the vertex of the moveable angle be the centre of the 
given conic section, the second conic section will be a circle(37). 

5. A conic section and two fixed tangents being given, if 
any third tangent be drawn, and through the points in which 
it meets the two fixed tangents, two right lines be drawn 
respectively passing through the two foci of the curve, these 
two right lines will intersect in a point, the geometric locus 
of which will be a conic section passing through the two foci 
of the given one (38). 
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6w Two fixed points being riven, if a right line be drawn, 
such that the rectangle under its distances from the two riven 
fixed points shall be constant, this right line, and aU the 
others determined in like manner, will envelope a conic sec- 
tion whose foci will be the two fixed points (40). 

7. A point and a right line being given, the geometric locus 
of a point whose distances from the riven point and right line 
are to each other in a constant ratio, is a conic section in which 
the given point is a focus, and the given right line is the cor- 
responding directrix (41). 

IV. 

PROBLEMS RELATING TO THE FOCI OF THE PLANE CONIC 
SECTIONS, AND GENERAL PROPERTIES OF PLANE TRIANGLES 
AND QUDRILATERALS. 

1. When one of the foci of a conic section is given, only- 
three other conditions are required to determine this curve. 

(43)- 

2. A focus and two tangents of a conic section being given, 

the directrix corresponding to that focus passes throu^ the 
point of intersection of the two following nght lines : 

a. The right line which passes through the point of con- 
course of the two given tangents, and is the harmonic conju- 
gate, with relation to these two tangents, of the right line drawn 
from this point of concourse to the focus of the curve : 

b. The riffht line drawn through the focus perpendicular 
to the right Tine joining this focus with the point of concourse 
of the two given tangents (44). 

3. A focus and two points on a conic section being riven, 
the directrix corresponding to that focus passes througn the 
point in which the nght line joining the two given points meets 
the right line which bisects the angle, or the supplement of 
the angle, contained between the two radii vectores drawn from 
the focus to the two given points (45). 

4. The last theorem but one fiimishes the solution of the 
following problem : 

Given three tangents and one of the foci of a conic sec- 
tion, to determine the directrix corresponding to that focus. 

6. The last theorem enables us to resolve the following 
problem, which admits of four solutions t 

Given three points and one of the foci of a conic section, to 
determine the mrectrix corresponding to that focus. 

6. Three right lines being drawn from a fixed point to the 
three vertices of a triangle, if through each vertex a new right 
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line be drawn, making with one of the two sides adjacent to 
that vertex an angle equal to that which the former right 
line makes with tne other side, the three right lines thus 
drawn will pass through the same point. 

This point and that from which the three former right lines 
were drawn, will be the foci of a conic section inscribed in the 
given triangle (49). 

7. This theorem furnishes a solution of the following prob- 
lem: 

Given three tangents and one of the foci of a conic section, 
to determine the other focus. 

8. If from a point assumed arbitrarily in the plane of a tri- 
angle three perpendiculars be let fall upon its sides, and a circle 
be described passing through their feet, the perpendiculars 
drawn to the sides of the triangle at the three new points in 
which this circle meets them, will all pass through the same 
point (51). 

9. If from a point assumed in the plane of a triangle three 
perpendiculars be let fall upon its sides, their feet will be the 
vertices of a second triangle inscribed in the former ; and if 
through the vertices of the first triangle right lines be drawn 
respectively perpendicular to the opposite sides of the second, 
these three right lines will pass through the same point (52). 

The feet of the perpendiculars let fall from this new point 
upon the sides of tne given triangle, and those of the three 
former perpendiculars, will be six points lying on the circum- 
ference of the same circle. 

10. If any number of triangles be inscribed in a conic sec- 
tion, and as many conic sections be again inscribed in these 
triangles, having all of them for their common focus a fixed 
point on the given conic section, all these curves will touch 
the same right line (53). 

11. If from a point assumed upon a conic section perpen- 
diculars be let fall upon the sides of a triangle inscribed in the 
conic section, the circle described through the feet of these per- 
pendiculars will pass through a fixed point, whatever be the 
triangle inscribed in the conic section (54). 

12. The four vertices of a quadrilateral, taken three by 
three, determine four triangles ; if from any point perpendicu- 
lars be let fall upon the sides of each triangle, ana a circle be 
described passing through their feet, the four circles thus deter- 
mined will pass through the same point (55). 
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V. 

PR0PBRTIB8 OP THE TWO ASYMPTOTES OF THE HYPERBOLA 

CONSIDERED SIMULTANEOUSLY. 

1. Every tangent to a hyperbola meets the asymptotes in 
two points, which are equally distant from tne point of 
contact (II). 

2. Conversely : If a curve be such that the portion of each 
tangent intercepted between two given right lines is bisected 
at the point of contact, this curve is a hyperbola whose asymp- 
totes are the two given right lines (12). 

3. The portions of any secant intercepted between the 
hyperbola and its asymptotes are equal (13). 

4. Every tangent to a hyperbola meets the asymptotes in 
two points, the rectangle under the distances of which from 
the centre of the curve is constant (16). 

5. In every hyperbola the rectangle under the distances of 
any point on the curve from the two asymptotes is con- 
stant (17). 



VI. 

PROPERTIES OF THE HYPERBOLA RELATING TO A SINGLE 

ASYMPTOTE. 

1. Two tangents to a hyperbola, and the right line joining 
the points of contact, meet an asymptote in three points, 
the third of which bisects the distance between the first 
two (24). 

2. If the two sides of a variable angle, whose vertex tra- 
verses a hyperbola, pass through two fixed points on the 
curve, the segment intercepted between the sides of this 
angle upon an asymptote will be of a constant length (29). 

3. If on either asymptote of a hyperbola a portion of given 
length be arbitrarily assumed, and through one of its extre- 
mities and a fixed point on the curve a nght line be drawn 
meeting the curve in a second point, the right line joining 
this second point with the second extremity of the portion 
assumed on the asymptote wUl turn round a fixed point on 
the hyperbola (31). 
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VII. 

GEOMETRIC LOCI RELATING TO THB ASYMPTOTES OF THE 

HYPERBOLA. 

1. If the two sides of an angle of variable magnitude pass 
always through two fixed points, and intercept upon a given 
right line a segment of a constant length, the vertex of this 
angle will generate a hyperbola, which will pass throu£^h the 
two fixed points, and wnich will have the given right fine for 
an asymptote (33). 

2. If two tangents to a hyperbola intercept between them 
on one of the asymptotes a segment of a constant length, the 
geometric locus of their point of concourse will be a second 
hyperbola. 

The chord joining the two points of contact will envelope 
a third hyperbola. 

The asymptote on which are measured the segments inter- 
cepted between the tangents will be an asymptote of the two 
new hyperbolas (34V 

3. If an angle oi variable magnitude be made to tumroimd 
a fixed point on a hyperbola as vertex, intercepting on an asymp- 
tote a segment of a constant length, the chord subtended by 
this angle will envelope a second hyperbola, to which the 
right line on which the intercepted segments are measured 
wul also be an asymptote (35). 

4. If the sides of a variable an^Ie pass always through two 
fixed points on a hyperbola, whust its vertex traverses the 
curve, the sides of this angle will respectively meet the two 
asymptotes in two points, and the right line joining these two 
points will envelope a conic section touching the two asymp- 
totes of the hyperbola (38). 

5. Two right lines being given, the geometric locus of the 

Eoint, the rectangle under whose distances from the two right 
nes is constant, will be a hyperbola of which the two right 
lines are the asymptotes (40). 

VIII. 

GEOMETRIC LOCI RELATING TO ANY CONIC SECTIONS. 

The first three of the five preceding theorems give rise 
to new theorems, by means of the methoa of transforming geo- 
metrical relations which we have explained in a preceding 
Memoir ; these theorems, which relate to any conic section, 
are the following : 
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^M. If an angle of variable magnitude foe made to turn 
round a fixed point as vertex, so that the segment which it in- 
tercepts upon a fixed axis may foe of a constant length, the 
right line joining the two pomts in which the sides of this 
angle respectively meet two given right lines will envelope a 
conic section, which will touch these two right lines, and widch 
will pass through the vertex of the moveable angle. 

" The tangent to the curve at this point will be parallel to 
the axis on which the segments are measured." 

This proposition furnishes the solution of the following 
problem : 

'^ Given four tangents to a conic section, and the point of 
contact of one of these tangents, to determine all the other tan- 
gents of the curve, by the continued movement of a segment of 
a constant length alon^ a fixed right line." 

"2. If an angle of variable magnitude be made to turn 
round a point on a conic section as vertex, so that the segment 
which it intercepts upon a fixed axis parallel to the ttmgent 
at that point shall be of a constant length, the chord subtended 
by this angle in the conic section wilfenvelope a second conic 
section. 

" The point of concourse of the two tangents to the first 
conic section at the extremities of this chord will generate a 
third conic section. 

" These two new curves will touch the given one at the 
vertex of the moveable angle." 

^^ 3. If an angle of variable ma^itude be made to turn 
round a fixed point on a conic section as vertex, whilst its 
sides intercept a segment of a constant length upon a parallel 
to the right line touching the curve at that point, and if 
through the points in which the sides of this angle meet a 
fixed tangent to the curve two new tangents be drawn, their 
point of concourse will generate a conic section, which will 
touch the given one at the vertex of the moveable angle." 

IX. 

PROBLEM RELATING TO THB ASYMPTOTES OF THB HYPER- 
BOLA, AND GENERAL PROPERTIES OF TRIANGLES. 

1. One of the asymptotes of a hyperbola being given, only 
three other conditions are required to determine the curve (43). 

2. If any transversal be drawn in the plane of a triangle, 
and on each side a point be assumed, wnose distance from 
one of the two extremities of that side is equal to the distance 
of the other extremity from the point in wnich the transversal 
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VII. 

GEOMETRIC LOCI RELATING TO THE ASYMPTOTES OF THE 

HYPERBOLA. 

1. If the two sides of an angle of variable magnitude pass 
always through two fixed points, and intercept upon a given 
right line a segment of a constant length, the vertex of this 
angle will generate a hyperbola, which will pass through the 
two fixed points, and wnich will have the given right fine for 
an asymptote (33). 

2. If two tangents to a hyperbola intercept between them 
on one of the asymptotes a segment of a constant length, the 
geometric locus of their point of concourse will be a second 
hyperbola. 

The chord joining the two points of contact will envelope 
a third hyperbola. 

The asymptote on which are measured the segments inter- 
cepted between the tangents will be an asymptote of the two 
new hyperbolas (34). 

3. If an angle of variable magnitude be made to turn roimd 
a fixed point on a hyperbola as vertex, intercepting on an asymp- 
tote a segment of a constant length, the chord subtended by 
this angle will envelope a second hyperbola, to which the 
rifi^ht line on which the intercepted segments are measured 
will also be an asymptote (35). 

4. If the sides of a variable angle pass always through two 
fixed points on a hyperbola, whust its vertex traverses the 
curve, the sides of this angle will respectively meet the two 
asymptotes in two points, and the right line joining these two 
points will envelope a conic section touching the two asymp- 
totes of the hyperbola (38). 

5. Two right lines being given, the geometric locus of the 

Eoint, the rectangle under whose distances from the two right 
nes is constant, will be a hyperbola of which the two right 
lines are the asymptotes (40). 

VIII. 

GEOMETRIC LOCI RELATING TO ANY CONIC SECTIONS. 

The first three of the five preceding theorems give rise 
to new theorems, by means of the methoa of transforming geo- 
metrical relations which we have explained in a preceaing 
Memoir ; these theorems, which relate to any conic section, 
are the following : 
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^^ 1. If an angle of variable magnitude foe made to turn 
round a fixed point as vertex, so that the segment which it in- 
tercepts upon a fixed axis may be of a constant length, the 
right line joining the two points in which the sides of this 
angle respectively meet two given right lines will envelope a 
conic section, which will touch these two right lines, and which 
will pass through the vertex of the moveable angle. 

" The tangent to the curve at this point will be parallel to 
the axis on which the segments are measured." 

This proposition furnishes the solution of the following 
problem : 

^^ Given four tangents to a conic section, and the point of 
contact of one of these tangents, to determine all the other tan- 
gents of the curve, by the continued movement of a segment of 
a constant length along a fixed right line." 

"2. If an angle of variable magnitude be made to turn 
round a point on a conic section as vertex, so that the segment 
which it intercepts upon a fixed axis parallel to the tangent 
at that point shall be of a constant lengtn, the chord subtended 
by this angle in the conic section will envelope a second conic 
section. 

" The point of concourse of the two tangents to the first 
conic section at the extremities of this chord will generate a 
third conic section. 

" These two new curves will touch the given one at the 
vertex of the moveable angle." 

" 3. If an angle of variable magnitude be made to turn 
round a fixed point on a conic section as vertex, whilst its 
sides intercept a segment of a constant length upon a parallel 
to the right line touching the curve at that point, and if 
through the points in which the sides of this angle meet a 
fixed tangent to the curve two new tangents be drawn, their 
point of concourse will generate a conic section, which will 
touch the given one at the vertex of the moveable angle." 

IX. 

PROBLEM RELATING TO THB ASYMPTOTES OF THB HYPER- 
BOLA, AND GENERAL PROPERTIES OF TRIANGLES. 

1. One of the asymptotes of a hyperbola being given, only 
three other conditions are required to determine the curve (43). 

2. If any transversal be drawn in the plane of a triangle, 
and on each side a point be assumed, wnose distance from 
one of the two extremities of that side is equal to the distance 
of the other extremity firom the point in which the transversal 
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meets tiiat fiide, the three points thus assumed will be in the 

same ner^^ ^^ (^^)* 

3. Tms theorem famishes the soluti<m of the following 
problem : 

Given three points and one of the asymptotes of a hyperbola, 
to find the second asymptote. 

4. If any number of triangles be circumscribed about a hy- 
perbola, and if we conceive as many hyperbolas to be circum- 
scribed about these triangles, having ail of them a tangent of 
the given hyperbola for their common asymptote, afi these 
curves will pass through the same point (5S\, 

5. By means of the method of transforming geometrical re- 
lations which we have already employed ^No. VIII. in this 
section^ the preceding theorem (2) g^ves nse to the following 
general property of triangles : 

** If through each vertex of a triangle two right lines be 
drawn, of which the first passes through a given fixed point, 
and the second is such that the angles, whicn these two right 
lines respectively make with the two sides of the triangle ad-^ 
jacent to the vertex, intercept equal segments upon a fixed 
transversal, the three right hues thus determinea will pass 
through the same point/' 

X. 

ORGANIC DBSCRIPTION OF THE FLANB CONIC SECTIONS. 

The two theorems (56) relative to the description of the 
spherical conies lead to the two following : 

1. If two angles of given magnitudes turn round two fixed 
points as vertices, so that the point of concourse of two of thdr - 
sides traverses a right line, the point of concourse of their two 
other sides will generate a conic section, which will pass through 
the two fixed points. 

2. If along two fixed right lines two segments of given 
lengths be made to move, so that two of their extremities are 
always in the same right line with a fixed point, the^ht 
line joining their two omer extremities will envelope a conic 
section, which will touch the two fixed right lines. 

The first of these two theorems is that of Newton, and en- 
ables us to describe the conic section by points ; the second, 
which is new, furnishes a very simple construction of the tan- 
gents of the conic sections, as we shall presently see in the 
solution of the following problem : 

3. Problem* Given five tangents of a conic section, to de- 
termine all its other tangents by the movement of two recti-, 
lineal segments along two fixed right lines. 
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Let A, B, c, D9 B9 be the five g^yen ris^ht lines ; let us take 
^he first two a, b, as the two fixed right lines along whidi 
the two segments are to move, and for the segments them- 
selves let US take the distances of the point of concourse 
of these two riffht lines firom the points in wnich they are inter- 
sected by the uiird right line c* These two segments must be 
made to move respectively along the two right lines a, b, so 
that their extremities which berore lay upon the right line c, 
may fall upon the right line d, and again upon the right line 
b ; their two other extremities, which at first coincided with 
the point of intersection of the two right lines a, b, will suc- 
cessively determine two right Unes d', e'. 

Let tne two segments move so that these same two extremi- 
ties may always be in the same right line with the point of 
intersection of the two right lines d', e'; the right line joining 
the two other extremities of the two segments will assume all 
the positions of the tangents to the required conic section. 

4. It is unnecessary to explain the construction bjr which, as 
a consequence from Newton's theorem, we determine all the 
points of a conic section subject to the condition of passing 
through five g^ven points ; it would be a mere repetition of 
what we have already said in the solution of the same question 
with respect to the spherical conies (57). 

6. Before closing this Memoir, we may observe that the 
theorem (2), which enables us to construct the tangents of the 
conic sections, gives rise, by means of our method of transform- 
ing geometrical relations, to another theorem available in the 
construction of conic sections by points, and which, for this 
purpose, might take the place of Newton's theorem. 

This new theorem may be thus stated : 

^^ If two angles intercepting segments of constant lengths 
upon a fixed axis turn round two fixed points as vertices, so 
that two of their sides always intersect upon a given right 
line, the point of concourse of their two other sides will gene- 
rate a conic section passing through the two fixed points." 

This theorem may be employed in the same way that 
Maclaurin, in his Organic Geometry, made use of Newton's 
theorem. 

6. In order to complete this chapter on the organic con- 
struction of conic sections we ought to add, that Newton's 
theorem also gives rise to a theorem relating to the construc- 
tion of the tangents of the conic section by the movement of 
two angles of constant magnitudes. This theorem may be 
obtained by a polar transformation, a circle being used as 
the auxiliary conic, as M. Poncelet has pointed out in his 
Memoire Sur la Theorie des Polaires reciproques ; we may 
state it thus : 
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** If round a fixed point, as vertex, two angles of constant 
magnitttdes be made to turn, so that the points in which two 
of their sides respectively meet two given right lines are 
always in the same right Ime with a given point, the right line 
joining the points in which the two other sides respectively 
meet the same two right lines will envelope a conic section 
which will touch those two right lines." 
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Page 5, S 6. — If through the vertex of a cone of the second 
degree right lines he drawn perpendicular to its tangent planeSy they 
vfiUform another cone, which will be of the second degree. 

The analytical proof of this proposition, though not quite so 
short, may appear to some readers more satisfactory than the geo- 
metrical one. 

Let 

be the equation of a cone ; the axes of coordinates being rectangular. 
Then the equation of a tangent plane at the point, (4/, y , z') will be 

a'x , y'v s^z 

""T" -t- ~rr* — " — T- — v» 
a* }^ (^ 

Now, the perpendicular to this tangent plane, passing through 

the origin, makes angles with the axes of x, y, and 2, whose cosines 

x" 1/ z 

are respectively proportional to ~, ^, and — -j ; but these cosines 

are also proportional to the coordinates x, y, z, of any point on that 
perpendicular. Hence we find a*x' -f- ft*Y* — c*z' zz 0, for the equa- 
tion of the second or supplementary cone, which is of the second 
degree ; and its tangent plane at the point (x, T, z) is evidently 
perpendicular to the side of the given cone passing through the point 

(^, y , ^.) 

Page 9, § 17. — The theorem stated in this paragraph is a case of 
the following general one : 

If two suTjaces of the second order intersect along a plane curve, 
they will oho intersect along a second plane curve, either real or 
imaginary. 

in order to prove this, let us take the plane of the first curve of 
intersection as the plane of xy : then tne equations of the two 
surfaces being, 

AO?* 4. A'y 4. a' V 4- By2f 4. B>J2r + b"^^ 4- C4f + Cy + C";!f 4. 1 =1: 0, 

ojp* 4. ay 4. «";»« 4. iy;8r 4. 6'^;2r 4. 6"4ry 4. c* 4- c'y 4- c";8r 4. 1 zz 0, 
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we must luiTe tlie eoeflkieote of the termsy independeiit of j^ reqpee- 
tiTelj equal in both ; since the tnces of the two sor&oes upon the 
plane of xy are identkal ; that is^ we most hare, 

A=a, A'zztf', B" = y', c = c, </ = </. 

Henoe^ sobtncting and diyiding b j z, we get, 

(A"-tf'> + (B-% + (il' — y)jr + c"-c'' = 0, 

which is the equation of a second phmey on which the snr&ces inter- 



77^ normal, at any pokU an the nnjaee of a cone rfthe second 
degree^ meets the plane rf its least section at the centre of the 
jpA^r^, passing through the two snbcontrary dresdar sections which 
intersect in the point at which the normaiis drawn. 

It is easy to see that the centre of any sphere passing ihrongfa 
two snbcontrary drcalar sections, most lie in the pbme of the least 
section of the cone : for the planes of the drcokr sections are per- 
pendicolar to that plane, and their centres lie in it. Bat further, if 
the two circular sections meet at a point on the surface of the cone, 
the n>here passing through them must necessarily touch the cone, so 
that its centre must he on the normal at that point. Thus, we have 
proved that the centre of the sphere is at the point where the normal 
meets the plane of the least section of the cone. 

The preceding proposition leads to an easy and direct proof of the 
first theorem in No. 24, p. 13. 

LfOt VA, VB, be the two sides of the cone contained in the plane 
of its least section ; and let ab, aV, be the traces on this plane of 
the two subcontrary circular sections which pass through a point p on 
the surface of the cone, if perpendiculars be drawn to ab, a'b^, at 
their middle points M, m', they will meet at o, the centre of the 
sphere passing through the two subcontrary sections. 

Now, the plane touching the cone at p will also touch the sphere, 
and consequently it will be perpendicular to the radius op: therefore, 
the angles, which the tangent plane makes with the two planes of 
circular section, are respectively equal to the angles which op makes 
with CM, om' ; or, what is the same thing, f o the angles aom, a'oh'. 
But either the sum or the difference of these two angles is constant, 
and equal to the supplement of the angle avb. Hence we have 
proved that 

The sum or the difference of the angles^ which each tangent plane 
to a cone of the second degree makes with the two cifclic planes^ is 
constant* 

It is easy to extend to the surfaces of the second order in gene- 
ral, the construction just given for determining the centre of the 
sphere ^ passing through two subcontrary circular sections that meet 
at a point on the surface. 

Let 

Mar« 4- My 4- m' V + N;zr 4- N'y + n"x=z: (1) 

be the equation of the surfaces of the second order \ the axes of 
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coordinates being rectangular and parallel to conjugate diameters, 
and the origin on the surface. 

In this equation, without at all diminishing its generality, we may 
assume that m is intermediate between m' and m", regard being had 
to the signs as well as to the actual magnitude of these coefficientf : 
for this relation between m, m', m'', may be always obtained by inter- 
changing the names of the coordinates. Let 

(z — z'y + (y -y)« + (JF- y)«_»-=:0 (2) 

be the equation of a sphere, in which a/, y, z'f r, are indeterminate. 
Multiplying this latter equation by M, and subtracting from the for- 
mer, we get, 

4.(N' + 2My)j^4.(N''4.2M^);r— M(;2r'«4.y«+jr«--f^)j * ^ 

If the indeterminate 'quantities in this equation, a'^v'tz'^r^he 
so assumed that it shall represent a system of two planes, these 
planes must intersect the given surface along two circles. Such a 
determination of or', y, z', r, may be effected in an infinite number 
of different ways ; but in all cases we must have 

n4.2bi^ = 0; (4) 

as appears from comparing equation (3) with the product of the 
equations of two planes : and this shows that all the planes of the 
circular sections are perpendicular to the plane of ^y. 

The coefficient of z in equation (3) being thus made =r 0, the 
conditions to be fulfilled, in order that it shall represent two planes, 
are, 1st, that 

and 2nd, that the product (m— m') (m— m") may not be positive. 
This latter condition is already complied with, since M is intermediate 
between m' and m''. 

The value of z being determined by equation (4) we still have 
three quantities, of, y, r, to dispose of, and may at once satisfy 
equation (5) by putting 

H'4.2My = 0, N" + 2M;r' = 0, a?'* +y* + a^-r«=0. 

By these assumptions, along with equation (4), the equation (3) 
is reduced to the form, 

(m' — M)y 4- (m" — . m)^ = 0, 

representing two planes perpendicular to tl^ plane of <y, and whose 
traces on that plane make angles with the axis of z, the tangents of 

L 
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which are + \/^ r> and — \/ 7. These values of the 

' y M — M y M — M' 

tangents must plainly be real. 

The values for the coordinates of the centre of the sphere, and 
for its radius, are next to be considered. The three equations, 

N 4. 2812/ == 0, N' + 2My = 0, N^-f-SBUr^rrO, 

show that the centre is on the normal to the given surface at the 
origin : for ^, y\ sf are proportional to n", n', n ; and the equation 
of the tangent plane at the origin is, 

Ykz 4- n'^ 4- M"jr = 0. 

Moreover, the equation, n 4- Sm^t' z= 0, shows that the centre of 
the sphere is in the principal plane of the surface, parallel to the 
plane of xy. 

Hence, we have proved that in general. 

The circular sections^ passing through a given point on a suV' 
face of the second order y may he determined by thefoUomng construe- 
tion : At the given point let a normal to the surface he drawn to 
meet the principal ptane^ to which the circular sections are perpen- 
dicular : the point of intersection will be the centre^ and the normal 
itself wiU he the radius, of the sphere which cuts the given surface in 
the two circular sections passing through the given point. 

In the analysis of this question there is one case which requires 
particular notice, viz. that of the hyperbolic paraboloid, where M^ and 
m'^ have different signs, and M = 0. Here we have real values for 
the tangents of the angles between the planes of circular section and 
the axis of ^ .* but the values of ^, y, z', become infinite, shewing 
that the sphere degenerates into a plane, and the circular into rectili- 
near sections. 

Confined within the narrow limits of a note, I must either leave 
to the student, or defer until some other occasion, the fuller discus- 
sion of the analytical method which I have here used in determining 
the circular sections of the surfaces of the second degree. It will be 
found to conduct easily to many interesting results relative to these 
sections. 

If we are only allowed to assume that the circular sections of any 
surface of the second degree are perpendicular to one of its principal 
planes, we may apply to these surfaces in general the geometrical 
proof given above in the case of the cone. For the sphere which 
passes through two circular sections that meet at a point on the sur- 
face, must touch the surface, and its centre must therefore be on the 
normal to the surface at that point. And since the two circular 
sections are perpendicular to a principal plane, the centre of the sphere 
passing through them must lie in that plane. 

Page 12, § 22. These two theorems lead to the following pro- 
perties of cones having the same cyclic planes or the same focal 
lines. 
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When two cones of the second degree When two cones of the second degree 

have a common yertex and the same have a common vertex and the same 

cyclic planes, if a plane be drawn through focal lines, the angle contained between 

their vertex cutting the two cones, the two planes touching the two cones will 

sides along which it meets one cone be equal to that contained between the 

will respectively make equal angles with two other tangent planes which pass 

the sides of the other cone, through through the right line in which the two 

which the secant plane passes. former tangent planes intersect. 

Cones which have the same focal lines are called by M. Chasles 
bieonfocal cones : in like manner, cones which have the same cyclic 
planes may be called hiconcyclic cones. An investigation of the pro- 
perties of these latter would be found to guide the student to many 
new theorems analogous to those relative to similar and similarly 
placed conic sections. 

In future, for the sake of brevity, I shall dispense with the 
enunciation of those properties of cones of the second degree which 
admit of being stated as properties of spherical conies : the latter 
mode of statement being in general more concise, as well as more 
readily understood. 

Page 14, § 25. — I have not succeeded in finding the elementary 
geometrical proofs, which M. Chasles has promised to give, of the 
two theorems contained in this paragraph. The following demon- 
stration of the theorem in the first column appears to be as simple as 
could be desired. 

Let APB, a^pb' be two circular sections of the cone, passing 
through a point p on its surface ; let ab, aV, their traces on the 
plane of the least section of the cone, intersect in o ; and at p let 
tangents be drawn to the two circular sections, respectively meeting 
AB and a'b' in T and t'. Then op is parallel to the line in which 
the cyclic planes intersect, and the tangents pt^ pt^ are parallel to 
the lines in which the tangent plane at p intersects the cyclic planes. 
But the angles opt, opt', are respectively double the angles pao, 

PA^o, whose tangents are — and -r-i and smce po'= ao.ob, the 
' ® AO a'o 

OB 

product of the tangents of the halves of opt, opt', is equal to — ^ 

which is constant : ob and oa' being to each other as the sines of 
the angles which the side of the cone ba' makes with the two cyclic 
planes. 

Page 43, § 6, 2nd Mem. — In his Histoire de la Geometries 
p. 236, M. Chasles informs us, that M. Magnus was anticipated in 
the discovery of the first of these two theorems by Fuss, a Russian 
geometer, who, in discussing the curve which is the locus of the 
vertices of all the spherical triangles having the same base and sum 
of sides, discovered that this curve is the intersection of a sphere 
with a cone of the second degree, whose vertex is at the centre of 
the sphere. — {Nova Acta^ tom. iii. a. d. 1787.) The formulae em- 
ployed by Fuss conducted him to the following result, which he calls 



76 NOTES AND ADDITIONS. 

** majrime memorabUemy yiz. that if the sum of the sides be given 
equal to half the circumference of the sphere, the locus of the vertex 
will be an arc of a great circle, whatever be the base of the triangle. 
This is evident from the most elementary considerations of spherical 
geometry. M. Chasles observes (Histoire de la Geometries p. 239,) 
that M. Steiner was the first who proved that the base of a spherical 
triangle whose area and vertical angle are given, envelopes a spherical 
conic. 

Page 46, § 11. — From the two theorems in this article we may 
deduce the two following : 

If two spherical conies hare the same If two spherical conies have the same 
cyclic arcs, every arc of a great circle foci, two arcs drawn from a point in 
touching the inner cnrre meets the outer the outer curre to touch the inner one 
one in two points which are equally make equal angles with the tangent to 
distant from the point of contact. the outer conic at the point from whidi 

the tangents are drawn. 

These last two theorems are only particular cases of the two fol> 
lowing : 

If two spherical conies hare the same If two spherical conies hare the same 

cyclic arcs, erery arc of a great circle foci, the angle contained between two 

which cuts both of them intersects one arcs touching the two curres will be 

curre in two points, which are equally equal to the angle between the two 

distant from the points in which this other tangent arcs which may be drawn 

arc meets the other curTC. to the conies from the same point. 

Page 47, § 14. — If M. Chasles had not restricted himself to the 
consideration of the hemisphere on which the conic is traced, (see 
page 45, § 10,) he might have stated the theorems in this article 
more elegantly. 

For each arc touching the conic meets a cyclic arc in two points 
diametrically opposite ; so that, if the poinU of intersection he rightly 
chosen^ we might assert that 

(l.)Two tangent arcs to a spherical The four rector arcs, drawn from 

conic intersect the two cyclic arcs in four the two foci of a spherical conic to any 

points, which lie in the circumference two points of the curTC, will all touch 

of a small circle, whose centre is the the same small circle, whose centre Is 

pole of the great circle passing through the point of concourse of the two arcs 

the two points of contact of the tangent touching the curve at these two points, 
arcs. 

This mode of stating the preceding theorems is valuable ; for 
from them we are led to those contained in § 16, by the aid of the 
following propositions, which are very useful in spherical g§ometry, 
and may be easily proved : 

(2.) If an arc of a great circle, passing If from any point in a fixed arc of a 

through a fixed point on the surface of great circle tangent arcs be dr£iwn to a 

the sphere, intersect a given small cir- given small circle, the product of the 

cle in two points, the product of the tangents of Hie semi-angles, which 

tangents of the semi-arcs, lying between these tangent arcs make with the fixed 

these two points and the fixed point, arc, will be constant, 
will be constant. 
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Page 47, § 15. — These theorems might be readily deduced from 
those in No. 1 1, by the following method : 

Let o be the point of intersection of the cyclic arcs ; then, since 
the portion of a tangent arc ab, intercepted between the two cyclic 
arcs, is bisected at the point of contact p, the two consecutive tan- 
gents AB, a'b^ must bisect one another in p ; hence, the elementary 
spherical triangles apa% bpb^ are equal, and the area of the whole 
triangle aob, will remain invariable ; the sum of its three angles is 
therefore constant : but the angle aob is fixed, therefore, the sum of 
the angles abo, bag, must be constant. Having proved the first 
theorem thus, we may deduce the second from it oy reference to 
the supplementary cone. Precisely in the same way we might prove 
the first of the two following theorems, and then derive the second 
from it by means of the supplementary cone. 

If two spherical conies have the same If from any point in the outer of two 
cyclic arcs, any arc touching the inner biconfocal conies, two tangent arcs be 
curve, will cut off from the outer one a drawn to the inner curve, the sum of 
segment of a constant area. these two arcs and of the concave part 

of the circumference of the conic in- 
cluded between them will be constant. 

Page 47, § 17. — By .means of the known formula 

_ sin* sin fj— a) 

cos •* A = r-T~A 9 

^ sm sm c 

expressing the cosine of the half of one angle of a spherical triangle 
in terms of the three sides, we might at once show that if the base 
a and the sum of the sides ft, c, of a spherical triangle be constant, 
the product of the sines of the two arcs drawn from the extremities 
of the base perpendicular to the arc bisecting the supplement of the 
vertical angle is constant, and equal to 

sin * i (6 + — sin * ^ a . 

Page 48, § 21. — It is evident that any arc, passing through a 
fixed point, and cutting a spherical conic and the polar arc of the 
fixed point, will be harmonically divided. 

Page 50, § 26. — If a plane quadrilateral be circumscribed about 
a circle, the angles which two opposite sides subtend at the centre 
will be supplemental. Hence we derive the following theorems : 

A spherical quadrilateral being cir- A spherical quadrilateral being in- 

cumscribed about a spherical conic, if scribed in a spherical conic, if arcs be 

arcs be drawn from the pole of one of drawn from one focus to the four points 

its cyclic arcs through the four vertices in which the four sides meet the corres- 

of the quadrilateral, so as to meet that ponding director arc, the portion of 

cyclic arc, the arcs drawn to two adja- that arc included between two adjacent 

cent vertices of the quadrilateral will sides of the quadrilateral will subtend 

include between them a portion of the at the focus an angle supplemental to 

cyclic arc supplemental to that included that subtended by the portion of the 

between the two remaining arcs. director arc included between the two 

other sides. 
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Page 50, § 29. — From the theorems in this article we maj de- 
duce two others, which are most powerful instruments in discussing 
questions of spherical geometry. 

It is easy to show that if four arcs diverging from the same point 
o be cut in the points a, b, c, d, by any fifth arc, we shall always have 

sin AB sin CD sin aob sin cod 

sin AD sin BC sin aod sin boc * 

or, as M. Chasles designates it, the anharmanic relation of the four 
points is the same as that of the four arcs. 

Hence we arrive at the following theorems : 

(l.)Iffromfourfixedpomtsonasphe- If four fixed tangent arcs be drawn 
rical conic arcs be drawn to any fifth to a spherical conic, any fifth tangent 
point on the cnrye, their anharmonic arc will cat them in four points, the 
relation will be constant. anharmonic relation of which will be 

constant. 

The first of these theorems, or rather its converse, may often be 
used with success when we have to investigate the locus described by 
the vertex of a spherical triangle,two of whose sides pass through two 
fixed points p, p', whilst it also fulfils some other conditions. Let c, c', 
c'', c''', be four positions of the vertex ; then, if we can show that the 
anharmonic relation of the arcs pc, Pc', PC", Pc''', is the same as that 
of the arcs p'c, p'c', p'c", p'c"', it follows that the locus of c will be a 
spherical conic passing through the points P, p'. 

And in like manner, the second theorem may be employed as ad- 
vantageously in ascertaining the envelope of the base of a spherical 
triangle, two of whose angles a, b, are on given arcs L, l', and which 
is further limited by some other conditions. Let A, a\ a", a% be four 
positions of one angle, and b, b^, b", b"', the four corresponding posi- 
tions of the other, then, if we can show that the anharmonic relation 
of A, a', a'', a''', is the same as that of b, b', b'^ b'", the six arcs ab, 
a'b', a''b'^ a'",b''', l, l\ must all touch the same spherical conic, which 
will be the required envelope. In what follows we shall give several 
examples of the application of these principles. 

Six points, a, a', b, b', c, c', lying in the arc of a great circle, 
and corresponding to each other two by two, are said to be in invo' 
lution, when the anharmonic relation of four of them is the same as 
that of their four conjugates : 

For instance, if the anharmonic relation of A, b, c, c', is the same 
as that of a', b', c', c,the three couples of points a, a', b, b', c,c', are in 
involution. And it may be proved that if this relation holds for one 
set of four points and their conjugates, it will also hold for any other : 
that is, if the anharmonic relation of a, b, c, c^ is the same as that of 
a', b', c', c, we shall also have the anharmonic relation of a, b, c, b', 
the same as that of a^ b% c\ b, and so on. 

Again, from the definition which has been given for the involution 
of six points, it may be shown that if there be three or more couples 
of points such, that the first two couples, taken along with any other 
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couple, form a system in involution, any three of these couples will 
likewise form a sytem in involution. 

Three couples of arcs which pass through the same point are said 
to be in involution, if the anharmonic relation of any four of them is 
the same as that of their four conjugates : and such a system possesses 
properties analagous to those of a system of six points in involution. 

Using the preceding definitions and properties of systems of 
points or arcs in involution, we may deduce the following theorems : 

(2.) A spherical quadrilateral being A spherical quadrilateral being cir- 
inscribed in a conic, any transversal cumscribed about a conic, the four arcs 
arc will cut the curve and the four sides drawn to its four vertices from any 
of the quadrilateral in six points, which point without the curve, taken along 
are in involution. with the two tangent arcs drawn from 

the same point, form a system of six 

arcs in involution. 

The theorem in the first column may be thus proved. Let the trans- 
versal arc meet two opposite sides of the quadrilateral, ad, be, in a, a^ 
the two other sides ab, cd, in B, b^, and the conic in c, c' ; then, by 
the first of the theorems (1), the anharmonic relation of the four arcs 
drawn from a to d, c, &, c^, is the same as that of the arcs drawn from 
c to by c^, djC; therefore the anharmonic relation of the points a, c, b, 
c\ is the same at that of a^, &, B^, c ; hence the points a, a', b, b^^ 
c, c^ are in involution. 

From the preceding we may successively deduce the following 
pairs of theorems: 

(3.) Two spherical conies being cir- Two spherical conies being inscribed 

cumscribed about a spherical quadri- in a quadrilateral, four tangent arcs 

lateral, any transversal arc of a great drawn to them from the same point, 

circle meets the two curves, and also together with the two arcs drawn from 

two opposite sides of the quadrilateral the same point to two opposite vertices 

in six points, which are in involution. of the quadrilateral, form a system of 

six arcs in involution. 

(4.) Three spherical conies being Three spherical conies being in- 
circumscribed about the same quadrila- scribed in the same quadrilateral, the 
teral, any transversal arc of a great six tangent arcs, drawn to them from 
circle meets the three curves in six any point, will form a system of six 
points, which are in involution. arcs in involution. 

Page 51, § 32. — To the theorems contained in this section we 
may be permitted to add the following, which are derived from known 
properties of the circle. 

(1) The angle which an arc of a circle subtends at the centre is 
double of that which it subtends at any point in the remaining part of 
the circumference. Hence, 

If from two fixed points on a spheri- If any tangent arc be drawn to a 

cal conic arcs be drawn through any spherical conic, intersecting two fixed 

third point on the curve, they will tangent arcs in two points, and through 

ioclade between them, on one of the these points arcs be drawn to one of the 
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cyclic arcs, a portion which will be foci of the conic, they will contain be- 
the half of that included between two tween them an angle which will be the 
arcs drawn from the two fixed points half of that contained between the two 
through the pole of the cyclic arc. vector arcs drawn to the points of con- 

tact of the fixed tangent arcs. 

(2.) The portion of a tangent to a circle intercepted between 
two fixed tangents, subtends a constant angle at the centre. Hence 



If two fixed tangent arcs be drawn 
to a spherical conic, and any third tan- 
gent arc be drawn meeting them in two 
points, the arcs passing through these 
two points and through the pole of a 
cyclic arc, will intercept on that cyclic 
arc a portion of a constant length. 



If from two fixed points in a spheri- 
cal conic arcs be drawn to any third 
point on the curve, and produced to meet 
one of the director arcs, they will in- 
tercept between them, on that director 
arc, a portion which wiU subtend a 
constant angle at the corresponding 
focus. 



(3.) If from any point in a given right line tangents be drawn to 
a given circle, they will make with the given right line angles the 
product of the trigonometric tangents of whose halves is constant. 
Hence, 

If from any point in a fixed arc two If through a fixed point on the sur- 

ares be drawn touching a given spheri- face of the sphere any arc be drawn 

cal conic, they will intersect either of meeting a spherical conic in two points, 

its cyclic arcs in two points, such that the arcs drawn from either focus to 

the product of the trigonometric tan- these two points will make, with the 

gents of the halves of their distances arc dravm from the same focus to the 

from the point in which the fixed arc given point, two angles, the product of 

meets the given cyclic arc will be con- the trigonometric tangents of whose 

Btant. halves will be constant. 

(4.) If any right line be drawn through a fixed point in ihe 
plane of a given circle, intersecting it in two points, the radii drawn 
to these points will make angles with the radius passing through 
-the given point such that the product of the trigonometric tangents 
of their halves will be constant. Hence we derive the two follow- 
ing theorems : 

If any arc be drawn through a fixed If from any point in a fixed are 
point, intersecting a given spherical tangent arcs be dravni to a given 
conic in two points, the arcs dravm spberioal conic, and arcs be drawn 
throBgfa these two points and through from one of the foci to the points in 
the fixed point from the pole of one of which these tangent arcs meet the 
the cyclic arcs of the conic will meet corresponding director arc, these veo- 
that cyclic arc in three points, such that tor arcs wiU make, with the vector arc 
the product of the trigonometric tan- drawn to the point In which the fixed 
gents of the halves of the distances of arc meets the director arc, two angles, 
the first two from the third will be the product of the trigonometric tan- 
constant, gents of whose halves wiU be constant. 



(5.) A plane triangle being inscribed in a circle, if from any 
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I^oint p in the circumference right lines pa, p^, p^, he drawn, re- 
spectively meeting the three sides bc, ca, ab, and making with them 
equal angles on the same side of the lines pa, p^, per, then the three 
points, a, by Cy will lie in the same straight line. Hence, 

If the three sides, a, b, e, of a spheri- From the three yerticee of a spheri- 
cal triangle inscribed in a conic, be cal triangle abc circumscribed about a 
successively produced to meet one of conic, if arcs b.e drawn to one of the 
the cyclic arcs in the points a, /3, 7, and foci f, and three other vector arcs f/, 
equal portions aX, /3/i«, yVy be measured Fm, rn, be drawn so that the angles 
on the cyclic arc in the same direction, afZ, SFm, cFn, may be equal and lie at 
arcs drawn from the points X, fi, v, the same side of the arcs fa, fb, fc ; 
through any point on the curve will these three arcs, f2, Fm, Fn, will meet 
meet the sides a, (, c, in three points any tangent arc in three points I, m, n, 
lying in the arc of a great circle. such that the arcs a/, sm, en, will pass 

through the same point. 

Page 51, § 33. — Two right lines and a fixed point being given, 
if a constant angle be made to turn round this point as vertex, the 
right line joining the points in which its sides meet the two given 
right lines will envelope a conic section (p. 62, iii. 1). Hence, 

If a variable spherical angle turn If a constant spherical angle turn 

round a fixed point on the surface of a round a given point as vertex, the arcs 

sphere so as to intercept between its joining the points in which its sides 

sides a constant segment on a given arc, meet a fixed arc with two other fixed 

the arc joining the points in which its points will intersect in a point, the 

sides meet two other fixed arcs will locus of which will be a spherical conic 

envelope a spherical conic touching passing through those two fixed poipts. 
those two fixed arcs. 

Page 53, § 38. — ^The theorems contained in this article might 
be stated more generally as follows : 

Xf two arcs be made to turn round Two fixed tangent arcs being drawn 

two fixed points on a spherical conic, to a spherical conic, any third tangent 

so as to intersect in any third point of arc will intersect them in two points, 

the curve, the arc joining the points in and the arcs respectively drawn through 

which they respectively meet two fixed these points and through two fixed 

arcs will envelope a spherical conic points will intersect in a point the locus 

touching these two fixed arcs. of which will be a spherical conic pass- 
ing through the two fixed points. 

The principles stated in page 78 furnish us with easy proofs 
of these theorems ; that in the first column may be proved thus : 
Let p, p', be the two fixed points ; c, c', c", c'", four other points 
on the curve ; then, since the anharmonic function of the arcs pc, 
Fc', PC", PC"', is the same as that of p'c, p'c', p'c", p'c"', the an- 
harmonic function of the four points a, a', a", a"', in which pc, 
PC', PC", Pc'", intersect one given arc, will be the same as that of 
the four points b, b', b", b'", in which p'c, p'c', p'c", p'c'", meet 
the other given arc ; therefore, the arcs ab, a'b', a"b", a'"b"', are 
tangents to a spherical conic touching the two given arcs. 
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The theorem in the second column might he similarly proved, 
or we may infer it from the first by reference to the supplementary 
cone. 

Page 53, § 39.— Since the arc which bisects any angle of a 
spherical triangle divides the opposite side into segments, the sines 
of which are proportional to the sines of the conterminous sides, 
we infer from the theorem in this article, that 

If the base of a spherical triangle be If the yertical angle of a spherical 
given, and also the ratio of the sines of triangle be given, and also the ratio of 
the two remaining sides, the locus of the sines of the two remaining angles, 
the vertex will be a spherical conic, the base will envelope a spherical conic, 
whose cyclic arcs will be in the two whosefoci will be the extremities of the 
planes perpendictdar to the radii of the radii of the sphere perpendicular to the 
sphere drawn to the points which di- planes of the two arcs which divide the 
vide the given base internally and ex- given vertical angle internally and ex- 
ternally, so that the sines of the seg- temaUy, so that the sines of the seg- 
ments may be in the given ratio. ments may be in the given ratio. 

Pags 53, § 40. — The theorem in the second column shows that 
if the base of a spherical triangle be given, and also the product of 
the cosines of the two remaining sides, the locus of the vertex will 
be a spherical conic. 

Page 53, § 42. — To the theorems given by M. Chasles in this 
section, we may add the following : 

(1). The chord in a circle joining the extremities of two radii 
which contain between them a constant angle envelopes a circle 
concentric with the given one. From this property of the circle we 
derive the following theorems relative to spherical conies. 

A spherical conic and one of its cyclic A spherical conic and one of its foci 

arcs being given, if round the pole of being given, if round that focus, as ver- 

this cyclic arc, as vertex, a spherical tex, a constant spherical angle be made 

angle of variable magnitude be made to to turn, and from the points in which 

turn, whose sides intercept between the sides of this angle meet the director 

them on the cyclic arc a portion of a arc corresponding to the given focus 

constant length, the arc joining the two tangent arcs be drawn to the given 

points in which the sides of the movea- conic, their point of concourse will ge- 

ble angle meet the given conic will en- nerate a second spherical conic, 
velope a second conic. 

The given cyclic arc will be a cyclic The given focus wiU be a focus of the 

arc of the new conic ; and this arc will new conic ; and the corresponding di- 

have the same pole with relation to the rector arc will be the same for the two 

*two curves. * curves^ 

(2). If right lines be drawn from two fixed points in the circum- 
ference of a circle through the extremities of any diameter, they 
Will intersect in a point the locus of which will be circle, which 
passes through the two fixed points, and whose centre is the pole of 
the right line joining them. Hence we derive the following 
theorems. 
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A spherical conic and one of its A spherical conic and one of its foci 
cyclic arcs being giyen, if arcs be drawn being given, if tangent arcs be drawn 
from two fixed points on the curve to to the curve from any point in the cor- 
the extremities of any arc passing responding director arc, the arc joining 
through the pole of that cyclic arc, the points in which these tangent arcs 
and terminated by the curve, they will meet two fixed tangent arcs will en- 
intersect in a point the locus of which velope a second spherical conic, 
will be a second spherical conic. 

The given cyclic arc will be a cyclic The given focus will be one of the 

arc of the new conic, and its pole, with foci of the new conic, and its corres- 

relation to that curve, will be the same ponding director arc, for that curve, will 

as the pole, with relation to the given be the arc joining the points of con- 

oonic, of the arc joining the two fixed tact of the two fixed tangent arcs, 
points. 

(3). The principles stated in page 78 furnish us with easy 
proofs of the following theorems : 

In a spherical triangle, if the base In a spherical triangle, if the verti- 

and the difference of the base angles cal angle and the difference of the sides 

be given, the locus of the vertex will containing it be given, the base will 

be a spherical conic, passing through envelope a spherical conic touching the 

the extremities of the given base. two sides which contain the given angle. 

(4). If two tangents to a parabola intersect at a constant angle, 
the radii vectores drawn from the focus to the two points of contact 
will also contain between them a constant angle. But in any conic 
section the point of concourse of the tangents at the extremities of 
two focal radii vectores, which contain between them a constant 
angle, will generate a conic section, (see page 62, iii. 2). Hence 
we derive the following very general properties of spherical conies : 

If two tangent arcs to a given spheri- If a constant spherical angle turn 

cal conic intercept between them a round a fixed point on a given conic, 

segment of a constant length on a fixed as vertex, the arc joining the points in 

tangent arc to the curve, their point of which its sides meet the curve wiU 

concourse will generate a second spheri- envelope a second spherical conic, 
cal conic. 

If the segment intercepted on the If the constant spherical angle be a 

fixed tangent be a quadrant, the point right angle, the arc which it subtends 

of concourse of the two tangent arcs in the spherical conic will pass through 

will move along an arc of a great circle, a fixed point. 

(5). From the theorem in the second column it appears that if a 
constant angle turn round a fixed point on a conic section as vertex, 
the chord which it subtends will envelope a second conic section. 
Hence we deduce the following theorems : 

If a variable spherical angle turn If a constant spherical angle turn 

round a fixed point on a spherical conic round a fixed point as vertex, and if 

so that the segment intercepted between from the points in which its sides meet 

its sides on a fixed arc maybe of a a fixed tangent arc to a given, spherical 

constant length, the arc joining the conic two arcs bo drawn touching the 
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points in whioh these sides meet the curve, their point of concourse will ge- 
conic will enyelope a second spherical nerate a second spherical conic, 
conic. 

(6). Again, from the second of these latter theorems we learn, 
that if a constant angle turn round a fixed point in the plane of a 
conic section as vertex, and if from the points in which its sides 
meet a fixed tangent two other tangents be drawn to the curve, their 
point of concourse will generate a second conic section. From this 
we deduce the following theorems : 

If a yariable spherical angle turn If a constant spherical angle turn 

round a fixed point on the surface of a round a fixed point on the sur&ce of 

sphere so that the segment intercepted a sphere, and, from the points in which 

between its sides on a fixed arc may be its sides meet a fixed arc, two arcs be 

of a given length, and if, from the points drawn to a fixed point on a given 

in which its sides meet a fixed tangent spherical conic, the arc joining the 

arc to a given spherical conic, two other points in which these two arcs meet 

tangent arcs be drawn to the curve, the curve wiU envelope a second spheri- 

their point of concourse will generate cal conic, 

a second spherical conic. i 

As before, we might, from the theorem in the second column, 
deduce a property of the plane conic sections, atid from it in turn 
derive a pair of theorems relating to spherical conies. In fact there 
is no limit to the number of theorems which might be obtained in 
this way. 

Paos 58, § 56. — The following theorems, which are more ge* 
neral than those given by M. Ghasles in this article, may be proved 
by means of the principles laid down in page 78. 

If anj two spherical anglei; each of If along two fixed arcs any two seg- 

invariable magnitude, turn round two ments, each of invariable magnitude, 

fixed points as vertices, -so thM two of be made to move* so that the arc join- 

their sides intersect on a given spheri- ing two of their extremities may. be a 

cal conic passing through the two fixed tangent to a given ^hericaleonic which 

points, the point of intersection of their touches the two fixed arcs, the arc 

two other sides wiU generate a spheri- joining their two other extremUies will 

cal conic, which will pass through the envelope a spherical conic which wiU 

two fixed vertices of the iQoveable touch the two. fixed .arcs along which 

angles. the segments, move. 

The first theorem may be proved in the following manner : 
Let p, p', be the two fixed points round which the constant 
angles, mpo; MP^e, turn ; let v^ m', m", m''', be four points on the 
given conic, and c, c', &\ d'\ four positions of the point the locus 
of which is sought. Then, since the angles mpc, m'pc', m"pc", 
m'"pc'", are equal, the anharmonic relation of the arcs pm, >m', 
pm", pm'", is the same as that of the four arcs, pc, pc', pc", pc''' ; 
and since the angles up^c, h'p'c', m'Vc'', m'"p'c"'^ are equal,' the 
anharmonic relation of the four arcs, p'm, p'm', p'm'', f'm''', is the 
same as that of the four arcs, p'c, p'c', p'c",*p'c'". But by the first 
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theorem given in the note to page 50, § 29, the anharmonic relation 
of PM, pm', pm'', pm^'', is the same as that of p'm, p'm', p'm", p'm'" ; 
hence the anharmonic relations of the two systems of arcs pc, pc', 
pc", pC', and p'c, p'c', p'c", p'c'", are the same: consequently a 
conic section will pass through the points p, p', c, c', c", c'". 

The second theorem might be proved in a similar manner^ or 
we may derive it from the first by means of the supplonentary 
cone. 

Paos 66, cap. viii. — ^The theorems contained in this chapter are 
deduced by M. Ghasles from preceding ones by means of that par- 
ticular polar transformation in which a parabola is used ^s the 
auxiliary conic. — (See Quetelefs Correspondance Mathematique et 
J^hynque, Tom. V. p. 281.) 

We may, however, arrive at them without having recourse to 
this method. 

The first follows immediately from the theorem given in the 
note to page 51, § 33. 

The second dnd third are particular cases of the theorems re- 
lative to the piane conic sections which may be derived from the 
theorems (5) and (6) first column, in the note to page' 53, § 42. 

' Pagoi 68, cap. ix. § 5. — ^This theorem, which M. Chasles ob- 
tains by a polar transformation, follows durectly from that given in 
page 63, cap. iv. § 6. 

Page 69, cap. x. § 5. — The theorem which M. Ghasles here 
gives for the construction of the conic sections by points admits of 
a great extension. 

If two spherical angles^ which intercept segments of constant 
lengths on two fixed a/rcs^ turn rourd two fited points as vertices^ so 
that two of their sides always intersect upon a given spherical conic 
passing through the two fixed points, the point of concourse of their 
two other sides will generate a second sphericeU conic passing through 
the two fixed points. 

This may be readily proved. For let p, p', be the two fixed 

Eoints, and mpc, mp^c, the two constant angles : let m, m^ m'^ m'^% 
e four points on the given conic, and c, c', &\ c'", four positions 
of the point whose locus is sought, then the anharmonic relations 
of the two systems of arcs, pm, pm', pm'', pm'", and pc, Pc', Pc", 
PC'", must be the same; since the angles mpc, m'pc', m''pc", 
m'^pc"', intercept equal segments on the same arc. For a similar 
reason, the anharmonic relations of the two systems p'm, p'm^ 
p'm", p'm''', and p'c, p'c', p'c", p'c"', must be tiie same: but 
since the systems pm, pm', pm", pm'", and p'm, p'm', p'm", p'm'", 
have the same anharmonic relation, it follows that the two systems 
PC, pc', pc", pc"', and p'c, p'c', p'c", p'c'", must also have the 
same anharmonic relation: so that a spherical conic must pass 
through the six points p, p', c, c', c", c"'. 
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Pa6£ 70, cap. X. § 6. — This last theorem may also 1»e ex- 
tended. 

If two spherical angles of constant magnitudes be made to turn 
round two fixed points^ so mat the arc joining the points in which 
two of their sides respectively meet two fixed arcs, may always he a 
tangent to a given spherical conic touching those two fixed arcs, the 
arc joining the points in which the two other sides respectively meet 
the same two arcs will envelope a second spherical conic, which will 
also touch these two fixed arcs. 

For let p, p% he the two fixed points, round which the constant 
angles ap«, bp^/3, turn; aa, b/3, heing the two fixed arcs. Let 
A% a'', k^'\ he three other positions of the point a, and «', mf\ u,"'^ 
B% b", b''', /8', iS", ^"', the corresponding positions of the points 
«, B, /3 ; then Uie anharmonic relations of the two systems of points 
A, a', a", a'", and a, «', a", »'", are the same : likewise the anhar- 
monic relations of b, b', b", b'", and /8, /8', /3", ^"\ are the same : 
hut if AB, a'b', a''b", a'^'b'", be tangents to the same conic which 
touches the two arcs A«, and b/3, the anharmonic relations of the 
two systems A, a', a", hl'\ and b, b', b'', b''', will be the same, 
and therefore », a\ »",»''', and/3, /8',/8",/8%will he similar systems; 
consequently the arcs «^, a'^S', a"/8'', a!'*^'".^ must all be tangents to 
aspherical conic which touches the two arcs Aa, b^S.- 

The theorem just proved might have been deduced from the one 
contained in the preceding note, by employing two supplementary 
cones. 
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ON THE APPLICATION OF ANALYSIS TO SPHERICAL GEOMETRY. 

§ 1. — On the Use ofSphericeU Coordinates^ 

As the position of a point on a plane is determined by reference 
to two fixed right lines, or axes of coordinates, in that plane, so the 
position of a point on the surface of a sphere may be determined by 
referring it to two fixed arcs of great circles. 

Through a point o on the surface of a sphere, which we shall call 
the origin, let two fixed arcs of great circles ox, oy, be drawn, and 
let the points x and y be 90^ distant from o ; then if arcs be drawn 
from Y and x through any point p on the sphere, and respectively 
meeting ox and oy in m and n, the trigonometric tangents of the 
arcs OM, ON, are to be considered as the spherical coordinates of the 
point p, and we shall denote them by ^ and y. To the fixed arcs I 
propose to give the name of arcs of reference. 

If the arcs ox, oy, xn, ym, be projected, by means of radii of 
the sphere, into right lines upon a tangent plane at the point o, the 
projections of the arcs xn, ym, will be respectively parallel to the 
projections of ox and oy ; consequently, the projections of the arcs 
OM, ON, which are the trigonometric tangents of those arcs, or the 
spherical coordinates of the point p, are the rectihnear coordinates, 
in the tangent plane, of the projection of the point p ; the axes of 
coordinates being the projections of the arcs of reference. This 
consideration leads to an important consequence, viz. : that an equa^ 
tion of the n** degree between the spherical coordinates jp andy repre^ 
sents a curve formed by the intersection of the sphere toith a cone of 
the »** degree having its vertex at the centre of the sphere. 

Each side of such a cone would meet the surface of the sphere 
in two points diametrically opposite, which, however, will have the 
same spherical coordinates since tan 9= tan (180^ -f" ^)* 

Thus the equation of the first degree between x andy represents 
an arc of a great circle. An equation of the second degree repre- 
sents a spherical conic, and so on. 

In what follows, for the sake of simplicity, I 'shall suppose the 
arcs of reference to be at right angles to each other. In this case 
the arcs pm, pn, are perpendicular to ox and oy, and I call such a 
system of spherical coordinates rejsftangtUar, 
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§ 2.— 2%e Equation of an Arc of a great Circle. 
The equation of the nrst degree between x and y may in general 
be written in the form 

«4r + ^j(=l. (1) 

The great circle, represented by this equation, meets the arcs of 
reference in two points, the cotangents of whose distances from the 
origin are, a and (3. Hence, denoting the coordinates of the pole of 
this great circle by x^ and y, we shall have 

x'zn — u, andy zi: — yS. (2) 

It appears from this that if «. and /8, instead of being fixed, are 
merely connected by an equation of the first degree, the great circle 
(1) will turn round a fixed point. If the equation connecting « and 
^ be of the second degree, me great circle will envelope a spherical 
conic. And, in general, if « and /9 be connected by an equation of 
the n'* degree, the great circle will envelope a spherical curve to 
which n tangent arcs may be drawn from a point without it. For 
the pole of this great circle will generate a curve formed by the in- 
tersection of the sphere with a cone of the n'* degree, and as a 
transversal arc of a great circle may meet this curve in n points, the 
great circle (1) may assume n different positions whilst it passes 
through the same point. 

But the general equation of the first degree may be written in 
the form 

y:=imx ^ n (3) 

and it is desirable to explain the geometric meaning of the constants 
m and n. As to n, it is evidently the coordinate of the point in which 
the great circle (3) meets the y arc of reference. 

If we take another great circle whose equation is ^ :^ mx^ and 
seek the coordinates of the point in which this great circle meets 
the circle (3), we should find infinite values for x and y. These 
two great circles will therefore intersect on the great circle of which 
the origin is the pole : and, consequently, in the equations of two 
arcs of great circles y = ww? + n, y =r mfx 4- w', if w =: vnf^ these 
two arcs will pass dirough the same point in the great circle of 
which the origin is the pole. Another geometric meaning may be 
given to the constant m : for « and f^ are evidently proportional to 
the cosines of the angles which the arc (1) makes with the arcs of 

reference, and in =z — --• 

The equation of an arc of a great circle passing through a fixed 
point ^', y'y is 

y-y=wt(jp- *') (4) 

where m is indeterminate ; and the equation of the great circle 
passing through two given points *', y, and or", y, is 



APPENDIX. 89 



X ^ x^ x'^ — x' 



(5) 



§ 3. To express the Distance between two Points on Ae Sphere 
in Terms of their Coordinates ^, ^', and ^", y^ 

r Let ) be the distance between the points ; {' Und ^' their dis- 
tances from the origm ; and «»^ «»'^ the angles which 5' and ^'' make 
with the X arc of reference. Then we shall hiave the' following 
equation . . . , 

cos 3 s= cos g' cos {"4- sin 5' sin ^'' cos(«"— «0> 
but we abo have- 

COS «' =: ^ cot g' <jos •'' = 4?^' cot ^" 
sin */=ry cot g' . sin *»'' =:y cot g" 

{^d by squaring these last equations and adding them, two by two. 
w« shall find 

1  • ' • '1 

cos gf =: - . . \ and cos ^" n: 



± V 1 4- V* 4- y« ± t/i 4.4f'^4.yA»' 



>. V, 



sm 



Substituting from the last six equations in the preceding one we 
obtain, 

l+;irV + vy 

± V (1 4. A*'* + 3^«) (1 4. x'^ 4.y«) ^ '^ 

From this we get the following formulae which are more generally 
useful, 

tan ? - ~ ^ ^''" - ^)' + ^'' ~ ^>' + ^^■y'' ~ '^^' rs-i 

The last three formulae haVe double signs, because they give 
'■ the distance of the point ^', y , i^om the point diametrically opposite 
to y , y , as well as from the point x^\ y itself. And it must also 
be remembered that two points on the sur^aice of a jsphere may be 
joined by two different arcs of great circles, which taken tqgelher 
mal^e up the whole circumference of a great circle. 

'  » 

§ 4, — To express the Length of th^ Are A, drawn from a given 
Point x'f y', at right Angles to the Arc of a great Circle whose Equa' 
ftionis ux-^- fii^zizl. ' 

The required arcis the complement of the distance of the given 
point from the pole of the given circle, whose coordinates are — «, 
and — fi ; substituting these values for *'', r/' in (6) we find, 

N 
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'^*=±V(i+w^+/».)(i+y«+y)- ^^^ 

1 5. — To express the Angle I between two Arcs whoee EfuatUma 
are mx-^fiy=i\ and « ^4- fifyzzil. 

Since the ang^ between the arcs is eqiial to the difltanoe l^ 
their poles, we find from (6) 



This formula shows that the two arcs will be at right angles to 
each other if 

l + «/+/83' = o. (11) 



§ 6.—- Tb^ju^ the Equation of the great CvrdU paanw tkroiugk 
the Point af^ tf^ and perpemUcular to the Arc whose Eptathn is 

The great circle whose equation is required must pass dirough 
the pole of the given great circle, as wdl as ihrougn the point 
si^Y \ hence from (5) it appears that its equation will be 






(12) 



§ 7. — Transfhrmation of spherical Coordinates^ 
Spherical coordinates may be transformed by assuming a new 
origin and new arcs of reference. It is not, however, very easy to 
establish the general formulae which enable us to pass from any one 
system of spherical coordinates to another. I have investigated 
these formiuse and will furnish them on another occasion, having 
at present no need to employ any but the simplest modes of trans- 
formation. In the first place, the formulae which axe to be used, in 
passing from one system of rectangular coordinates to another, 
whilst the origin remains the same, are 

a?=r«?'costf — ^sin « ry^\ 

y=y'co8»+ a/siutf ^^ 

€t being the angle between the given and the new reference arcs of 
X, This becomes evident if we project the two systems of arcs of 
reference into right lines upon the tangent plane at the common 
origin. Next, we may change the origin, whilst the reference ai*c of 
X remains the same ; the new sjj^tem of coordinates as well as the 
given one being rectangular. The formulae for this transformation 
are 

a/ 4- tan a ^ sec a ,, .. 

^==1 — -rm y = . . . (14) 

l—xftdna,^ 1 — ^r'tana ^ ' 

where » denotes the distance between the two origins. 
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To prove this, let ox, oy, be the given arcs of reference, and 
o'x, o'y, the new ones ; and from any point p draw area pm, pk^ 
pn', respectively perpendicular to ox, oy, o'y ; then, as the arc pm 
passes through y 

tan yk' cos pyn' cos o'm 



tan YN cos pyn cos (oo' + o'm) ' . 

hence, since cot yn, cot yn' are respectively equal to f/ and y' 
oo' zz 0f, and tan o'm = a?', we get 

f/'secec ^ 

^■"l-a/tauflf' 
also, since om zz oo' + o^m, 



therefore 



tan oo' + tan o'm 

tanoMzr-; — -n r-5 

1 — tan 00 tan o'm 



a^ +tan « 



1 — a/tane^ 



In like manner, if we wished to transfer the origin to a point on the 
y arc of reference, that arc being still retained, and the new system 
of coordinates being rectangular, we should have to use the for- 
mula, 

^_ ^/sec/3 y^ + tan^ .j^. 

1-y tan/3' ^ l-ytan/3' ^ ^ 

where fi denotes the distance between the origins. 

§ 8. — A Curve on the Surface of the Sphere being represented 
hy an Equation between spherical Coordinates^ to determine the 
Equation of the great Circle touching it at a given Point ^', ^'. . 

The equation of a great circle, passing through the points ^^, y\ 
and jr", y" , on the curve, is 

and if ^", y" approach indefinitely near to ^', y , this equatioii be- 
comes 

y^Z^^%, (16) 

Thb is the equation of the tangent arc at the point sly y : we may 
put it into the following symmetrical form : 

^^y' , y^^ ^ I /i7) 
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The formulae (16) and (17) will evidently hold good whether 
the sffCB of reference be rectangular or not 

§ 9. — To determine the Equation of the normal Arc to a 9phe» 
ricat Curve ai a given Point j/, y , 

It appears .from (12) th&t the equation of the arc passing through 
the point x'^ y'y and perpendicular to the.arc whose equation is (17) 
will be 

(y— y ) W+x\x'dy'^y'dx'y\-\-{x^x')idx'^y'{ydx'^x'dy')-\^o (18) 

This is the equation of the normal arc at the point x^^ %f. The co- 
ordinates in this last formula are supposed to be rectangular. 

§ 10. — ^The spherical ^volute of a curve described on the surface 
of the sphere is the locus of the point in which two consecutive 
normal arcs to thecmrve intersect. In finding the spherical evolute, 
we may follow a course e3cactly analogous to that by which we inves- 
tigate the evolutes of plane curves. We must take the equation 
of the normal arc (18)- and dilSereniiatie it with respect to ^ and 
y* : supposing « and ^ to be cOnstsmt; the resulting equation may 
be wnlten in the form ' ^ \ 

(y - y') [^y + ^ (^^y - y^*^o + (^'^y -y'd^)da^'Y\ . 

+ (^ - or') [rf«y + y (y'd^:^ ~ or'c^y) + (y'dx' - a^df/) df/J i(19) 

= djt'* + dy'* + {x'dyf - yfd^y J 

From this and the equation of the normal arc (18) we find 



y ^ yf ^z 



[dx'*+dy'^+(xdy'-y'dx'^^W+d:'{x'dy'-^y'dx*)'] 

{dy'd'x'^^'d'y') ( l+x'^+y^)+{y'dx'^x'dy') (,dx'^+dy'*+(x'dy'-^y'dx')*) 



m 



By these last equations takeh along with that of the given curve 
and itis first and second differentials, we may eliminate ^, y, da^, 
d%fy d^x'i d*y' ; and the resulting equation between x and y wi}! 
be the required equation of the spherical evolute. 

§ 11. — To determine the Circle of the Sphere which osculates a 
spherical Curve at a given Point ^, y. 

y The spherical coordinates of the centre of the osculating circle 
are evidently (he x and y in formulae (20). To ascertain the mag- 
nitude of this circle we must have recourse to the formula (8), 
from which we find the tangent of the arc joining the points x, y^ 
and x'f y. In the formulae (20) let us put for shortness^ 
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dx^* + d^ + {^dy' — iffdx'y — A, 

dx'd^y' — dy'd^OE^ = B, 

B (1 4- ar« + y*) + {x'd^ —y^Ax') A n c, 

s 

then we shall find from them 



and 



ya;.-ary = il^-±i^^. 



Hence, 

c (1 + ara?' +3/3^') =c - a (ar'rfy -ycfe') + b (1 + a?'«+y«) (a/'+y) 

=B(i+a?'»+yo». 

Also, 

c« [ (a^-ary + (y'-y)*+ isxnf^yjyi = a' (1 + a?'« + y«). 

Therefore, if y be the aire joining the points Xy y^ and a?', y, 






tan V "'^ TT^ .air   1 

— (1 + a?'« + y»)i {dx'd^y'-'di/d'x'y J 

This remarkable formula, exactly analogous to that which expresses 
the radius of the circle osculating a given plane curve at the point 
x'yy'j might be obtained from the equation of a circle of the sphere 
by the following method. It appears from formula {&) that the equa- 
tion of a circle of the sphere, whose spherical raaius is y, and the 
coordinates of whose centre are o/^ y^ is 

_ l+^ar"+.yy' 

cos y =r 



V(i+:c"*+y'«)(i+*»+yy 

now this equation may be written in the form 



oap + % + c=^l + a;*+y, (23) 

where 

a«4.ft^4.c«=;secV> 

and in order that the circle, whose equation is (23) may osculate a 
given spherical curve at the point a/y y', we must be able to change 
X and V, into a/ and y, both in the equation (23) and in its first and 
second differentials. Thus, a, &, c, are completely determined from 
^ the ttiree equations 
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€11/4/ 4- wy 1= --7=======r 

Vl + 4r«4-y« 

(jr^<fi:r^ +y£^y) (1 + ar^ + 3^^) + rid/* + <fy* + jx'dy' -ffdx'y 

Hence, using the abbreviations employed in the preceding investiga- 
tion, we obtain 

"" B(i+*«+y*)i ' 

_ B (1+ ^» + yO 4. A jx^dy'^y'dx') 

and these three equations give us, since 

a« + ft« + (i*-l = tan«y> 

A» 



tan«y =: 



B*(l +^ + ^«) = 



§ 12, — To find the differential of the Arc of a spherical Curve* 
The equation (7) may be put into the form 

therefore, if we use <f» to denote the differential of the arc of a sphe- 
rical curve, we shall have 

'^- r+pqrp; * (^> 

This expression enables us to present the equation (22), which gives 
the tangent of the radius of the osculating circle, in a new form,) 

§ 13. — 'On the Use of polar Coordinates in spherical Geometry, 

In the analytic geometry of the plane, polar coordinates may 

sometimes be employed more advantageously than rectilinear ones : 

so, it is sometimes most convenient to express the position of a point 
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on the surface of the sphere by means of the vector arc sp drawn to 
it from a fixed point s, and the angle psx between this vector arc 
and a fixed arc passing through s* 

The following formulae, in which ^ denotes the arc sp, and a the 
angle psx, are those most commonly used in applications of the me- 
thod of spherical polar coordinates. 

A curve being represented by an equation between ^ and », it 
may be required to find the angle tf between the vector arc sp and 
an arc of a great circle touching the curve at the point P. This may 
be readily done. For, let a vector arc be drawn to another point q, 
on the curve infinitely near to p ; and from Q let an arc qt be drawn 
perpendicular to sp : then 

QT 

tan QPT =z — . 

PT 

But ultimately qpt = tf, qt = Sin ^ dm^ and PT = d^^ hence we ob- 
tain the desired formulas 

tan , =. !lll^. (26) 

Since qp is ultimately the differential of the arc cb, we find 

A = ± 1/ 8in*g d^^ 4- d^\ (27) 



and 



fii» e = -^- (28) 



From (28) we obtain an expression for the arc />, drawn from s 
perpendicular to the tangent arc at p. 

sin'g d» ,^Qv 

sm p =: ^ (29) 

dt: V sin«g «/«« + c/§» 

Next, we may find the area of the elementary spherical triangle 
whose base is qp, the differential of the arc, and whose vertex is tne 
pole s. The known formula 

, , . tan 4- a tan 4-5 sin c 

tan 4 (area) rr =— = — r » 

* ^ ^ 1 -f- tan ^ a tan j- 6 cos c 

which gives the area of a spherical triangle in terms of two sides and 
the included angle, becomes, when we substitute ^ for a and 6, and 
dti for Cj 

area si; 2 sin* | ^ cf«i = (1 —cos g) da. (30) 

An elegant expression may be obtained for the radius of the oscu- 
lating circle in terms of ^ and j!7. Let c be the centre of this circle, 
let y be its radius, and let the arc sc be denoted by ? : then, using 
the notation already established, we shall have 
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COS 9 =r cos ^ cos y •}- sin ^ sin y sin ^^ 
or, 

cos i = COS ^ COS y -{^smp sin y, 

and this equation may be differentiated on the suppositioD that i and 
y remain constant. Thus we obtain 

sin p dp ^**«v 

tan y = -rM-- (8») 

co% pap 

If we differentiate (29), considering tt as the independent vari- 
able, we shall find cos p dp in terms oi ^ and » ; so that we arrive 
finally at the following equation which gives the tangent of the radius 
of the osculating circle in terms of ^ and 0^ 

tan - ±(sin«;</,« + rfe«)} 

(siu*^ COS ^d^^ 2 COS ^d^* —sin ^d^^)ii0* ^ 

§ 14. — Mode of peusing Jrom rectangular to polar spherical 
Coordinates, 

To effect this change we have only to put 

X ir tan ^ cos «r, and ^ =: tan ^ sin tf. (33) 

:Frqm these equations we paay deduce the following formula which is 
often useful, 

§ 15. — Quadrature of a spherical Curve given by an EquaUofjt 
between rectangular sphe^^icaJ, Coordinates* 

We may derive from (34) and (30) a formula for the quadrature 
of a spherical curve, which is given by an equation between rectan* 
gular spherical coordinates. 

area = C^^Zi^ _ C ^^^ ^y^ pS) 

The portion of the sphere whose area is determined by this last for- 
mula is included by an arc of the .curve and two arcs of great circles 
drawn to its extremities from the origin. But we may derive from 
(30) a formula for the quadrature of spherical curves more analagous 
to that which is ordinarily employed in the quadrature of plane 
curves. 

Let PM, p'm', be two arcs drawn perpeddicular to ox from two 

. consecutive points on the curve. It is to be observed that the letters 
here employed refer to the construction indicated in § 1, Then the 

' area of tae elementary spherical quadrilateral pmm^p^, which we shall 
consider as the differential of the area of the curve described by p, 
may be easily found. For, y being the pole of ox, since the area of 
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Ihe elementary spherical triangle pyp' is by (30) equal to 

(1— cos FY) mm'zz (1— sinPM)MM', 

it appears that the area of 

pmmV ^= sin pm.mm'. 
Now 
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y 

sm PM z:: sin ^ sin *» r~ 



Vl+4?*4-5f*' 



and 



therefore, 



MM' =z d (tan) —^x = -; -. 

area = \ ^ ^  — . (36) 



»-.f y<^^ 

3 (1 + ^) vi+^ + ^* 



§ 15. — Equation of a spherical Conic in rectangular Coordi- 
nates. 

Any equation of the second degree between the spherical coor- 
dinates .v and y^ represents a spherical conic. — (See § !•) But in 
order to obtain the equation of a spherical conic in a simple form, 
we may take its principal diametral arcs for the arcs of reference. 
The equation of the conic referred to them will be 

ay + 6«a^ = a«5S (37) 

where a and h are the tangents of the distances of the origin from 
the points in which the curve meets the x and y arcs of reference. 

After what has been said in § 1, it is scarcely necessary to give 
any detailed proof of this. For, if the conic and its diametral arcs 
be projected by means of radii of the sphere upon a plane touching 
the sphere at the centre of the conic, the projection of the curve 
will be an ellipse having for its semiaxes the lines a and &, which are 
the projections of the principal semidiametral arcs of the spherical 
conic. Moreover, the equation of the spherical conic is identically 
the same as that of the ellipse referred to its principal axes. It will 
be convenient to denote the greatest and least semidiametral arcs, or 
as I shall henceforth call them, semidiameters of the conic by m and 
fit so that a = tan «, & z= tan fi. We may define the foci of the 
conic as two points on the greatest diameter, whose distances from 
the centre, -f* V ^^^ ~~ 7^ ^^® determined by the equation 

cos y =: . (38) 

' cos/3 ^ ' 

From this relation we find 

sinV_ q^-&" tanV _ a^-ft^ sin^2v _ (a^--6") (1 + ^*) yggv 

'S^'^ a* 'tan«*'~a«(l+6*)'*" 8in«2« "" a« * ^' ' 

o 



98 APPENDIX. 



These three quantities 



siny tany sin2y 

-: — > : > and . , 

sin« tan« sin2« 

as we shall see presently, will be found to appear in theorems and 
formulae relating to spherical conies, in place of the excentricity 
which we meet in the theory of the plane conic sections. I shall de- 
note them respectively by e, s, and tf» 

If in the formulas already given for the transformation of coordi- 
nates (14) we make a =r 90°, they would become 

x-zz ;, and w =: — - . 

Substituting these values of x and y in (37), and removing the ac- 
cents from x' and y, we should obtain the equation 

o« 6« a^ — a'^ izz 6% 

which is that of a spherical conic ; the y and x arcs of reference 
being the great circles respectively lying in the principal plane, and 
in the plane of the greatest section of the cone whose generatrices 
are the radii drawn to all the points of the conic. 

Transferring the origin from the centre to the vertex at the extre- 
mity of the greatest diameter, by putting — a for tan «, in formulso^ 
(14), we should find for the equation of the conic 

^ 26« fe«(l_fl«) 

V»= X 5i LyA^ (41) 

If a = 1, that is, if the greatest diameter of the curve be- 
comes a quadrant, the last equation loses the term involving ^, and 
the curve becomes what Mr. Davies calls a spherical parabola. 

26* 
The quantity — appears to hold the same place in the theory 

of the spherical conies that it does in that of the plane conic sections. 
It may be called the principal parameter^ and denoted by p. 

Transferring the origin from the centre to the focus, by putting 
± y for « in formulae (14) and afterwards removing the accents from 
x' and y, we should obtain the equation of a spherical conic in 
the following form, 

^ f + af'z:z{\p^Li^x)K (42) 

Now, this equ^ion represents, not only the spherical conic, but also 
the plane curve formed by the intersection of the tangent plane at 
the focus wit{pthe cone whose generatrices are the radii of the 
sphere drawn to all the points of the conic : and it is evident from 
the form of equation (42; that this plane curve will be a conic section 
having its focus at the point of contact, its ««Mparameter equal to p, 
and its excentricity equal to s\ 
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Making jr = in (42), we shall find that the tangent of the arc, 
drawn from the focus to the curve, sfbd perpendicular to the greatest 
diameter, is equal to half the principal parameter. 

Again, without resorting to the formula (22), we may show that 
the tangent of the radius of the small circle osculating the conic 
at the extremity of the greatest diameter, is half the principal para- 
meter. In order to prove this, 1 must premise the following propo- 
sition. 

If an arc k be drawn from any point in the circumference of a 
small circle of the sphere, perpendicular to a fixed diametral arc d of 
the circle, and dividing it into two segments s and ^, we should 
always have 

sin s sin s' 

tan*A; = ., , : 

cos*} a 

tan'A? 
and the value of -^r—. — % when k and *' are both zz 0, is evidently 

2 sm s' ^ 

tan ^ d. 

Hence, if the equation of a spherical curve be given in rectan- 
gular coordinates, the arcs of reference being the tangent and normal 
arcs at a point on the curve, we should obtain the tangent of the 
radius of the circle of the sphere which osculates the curve at the 

y* 
origin by finding the value of ^, when » and ^ are each = 0. 

Applying this principle to the spherical conic, represented by the 
equation (41), we should find the tangent of the radius of the circle 
osculating the conic at the origin to be equal to half the principal 
parameter. 

§16. — Polar Equation of a spherical Conic. 

The polar equation of a spherical conic referred to its centre as 
pole may be obtained from (37) by the method stated in § 14. We 
thus find it to be 

, „ tan*/8 ,^„. 



which also gives 



• « _ sm«iS . 

sm «g = = — —. (44) 

* 1— i*C0S'4» ^ 



It appears from (43) that the sum of the squares of the cotan- 
gents of two rectangular semidiameters is constant. 

Equation (44) shows that the orthographic projection of a sphe- 
rical conic, upon a plane touching the sphere at the centre of the 
conic will be an ellipse. 

Hence, if arcs pm, pn, be drawn from a point on a spherical 
conic perpendicular to its greatest and least diameters, we should 
have 
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sin*PN sin^PM _ ,^p. 

sinV sin'/3 

It would not, however, be advantageous in general to take the 
sines of the arcs drawn from a point on the sphere perpendicular to 
two fixed rectangular arcs as the spherical coordinates of that point. 

Using these coordinates, and calling them x and T, we should 
find that the equation of a great circle was of the second degree, 
viz. : 

x« 2xY Y' — 1 



sin»« tan« tan/3 8in*/8 

where « and /3 denote the distances of the origin from the points in 
which the great circle meets the arcs of reference. 

The polar equation of a spherical conic referred to its focus as 
pole is found from (42) to be 

tan 5 = jzr^—. (46) 

* 1± I'COS* ^ 

We infer from this, that if any arc be drawn through the focus of a 
spherical conic, meeting the curve in two points, the sum of the 
trigonometric cotangents of the arcs lying between the focus and 
these two points will be constant* 
It is easy to show that 

tan */S cos 2y — cos 2« 

tan a sin 2«e 

Equation (46) may therefore be put into the following form, 

cos2y — cos2« ^^^^ 

tan ^ == : Q . . ^ . (47) 

sm 2a ± sm 2y cos *» ^ 

If we investigate by polar coordinates the locus of a point on the 
surface of a sphere the sines of whose distances from a fixed point on 
the sphere and a fixed arc are always in the ratio of *» to 1, we 
should find for the equation of the locus 

^ _ wisinJ ,,Q, 

tan ( = 5 , (48) 

1 — m cos d cos » 

where 3 is the distance of the fixed point from the fixed arc. 
Comparing this equation with (46) we have 

m sin d zz: j- />, and m cos d = s', 
so that 

m^ rz I p'' + i'\ and tan J = —-, (49) 
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§ 17. — Equations of the cyclic Arcs of a. spherical Conic, 
A spherical conic being formed by the intersection of the sphere 
with a cone of the second degree, having its vertex at the centre of 
the sphere, the cyclic arcs of this conic are the great circles whose 
planes are parallel to two subcontrary circular sections of the cone. 
Consequently, if a plane be drawn touching the sphere at the pole of 
one of these great circles, it will intersect the cone in a circle. Now, 
the equation of that circle in the tangent plane is the same as that of 
the spherical conic, if the point of contact be made the origin of 
rectangular coordinates in both cases. Further, we may assume 
that the poles of the cyclic arcs are on the least diameter of the 
conic. The question of finding the cyclic arcs is, therefore, reduced 
to this, — to transfer the origin of rectangular spherical coordinates 
from the centre of the conic to a point in its least diameter, thai 
diameter being retained as the y arc of reference, and the new coor- 
dinates being rectangular, so that in the transformed equation a^ and 
j/^ may have the same coefficient. In order to effect this we must 
use the formulae ^15) for the transformation of coordinates, putting 
'i^ in them instead of /3, so as to avoid ambiguity, and then determine 
^ by the condition that the coe$cients of ^ and ^ may be equal. 
We thus obtain 



^(l+o*) 



Hence, we find the equations of the cyclic arcs of a conic given by 
the equation 

to be 

y = , — (50) 

Denoting by f the angle between one of the cyclic arcs and the 
greatest diameter, we get from this, since f -(- 4" = ^^^9 

tany , . sinjS ^ ^ 

cos ^ zr , and sm p s= -^ . C5l ) 

tan a sm « ^ ^ 

These equations show that if two spherical conies have the same 
cyclic arcs, the quantity s, in their polar equations (44) referred to 
the centre as pole, will be the same for both: consequently, the 
ratio of the sines of those semidiameters of two hiconcyclic conies 
which make equal angles with the greatest diametral arc will he 
constant: and hence^ if two hiconcyclic conies be projected orthogra- 
phically upon a plane touching the sphere at their common centre, 
the projections will be two similar, similarly placed, and concentric 
ellipses. 
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§ 18. — Equation of the great Circle touching a sphe^^iccU Conic 
at a given Point x', y\ 

The equation of the spherical conic referred to its principal dia- 
meters being 

we find from (16) the equation of the tangent arc at the point jc'^ y, 
to be 

a« y ^ + 6« ^'i? = o« b*. (52) 

Hence, also, we may prove, in the same way as the similar result is 
arrived at in the theory of the plane conic sections, that if tangent 
arcs be drawn to a conic from a point without it, «^ y, the equation 
of the arc joining the points of contact will be 

a«y ^ 4. 6« ^r^ or = o« 6«. (53) 

Since ^ and y may be interchanged with x' and y, without alter- 
ing the form of the equation (58), it must also represent the locus 
of the point of concourse of the two tangent arcs drawn to a conic at 
the points where any arc passing through a fixed point x'^ y, meets 
the curve. 

The arc touching the conic at the point ^, y, meets the prin- 
cipal diameters of the conic in points, the tangents of whose distances 

a* b* 
from the centre are -7 and —r : call these x and y, and we shall have, 

x' y 

since a*^ -^-b^x^ziz a» b\ 

x«^ + Y«a« = x«Y*. 

This shows that the spherical conic, the tangents of whose prin- 
cipal semidiameters are x and y, will pass through the point whose 
coordinates are a and b, 

§ 19. — Conjugate Diameters of a spherical Conic. 

Conjugate diameters of a spherical conic are those each of which 
passes through the pole of the other with relation to the conic. The 
poles of both of them are evidently on the great circle whose pole is 
the centre of the conic. 

From what has been said in § 1, with reference to the meaning 
of the constants in the equation of an arc of a great circle, it appears 
that the diameter whose equation is 

a'y^^-f 6«jp'^z=0, (54) 

is conjugate to the diameter drawn to the point x% y, and whose 
equation is therefore, 

x' y ^ yf X zziOi 

for it meets the great circle whose pole is the centre of the conic in 
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the same point that the tangent arc at the point x*^ y'y meets that 
same circle. 

Any two conjugate diameters of a spherical conic will evidently 
make with the greatest diameter two angles the product of whose 

tangents is constant and equal to ^. 

The diameter conjugate to that which passes through the point 
x*^ y, on the conic, will meet the curve in two points whose coordi- 
nates x"^ y'\ are found from the equations (54) and (37) to be 

^' = ±~y, andy'zzi-^p'. (55) 

Let us denote the semldiameter drawn to the point x^^ y\ by r^ 
and the semiconjugate diameter by r'', then as tan Vzz^^ 4"^"% 
we shall have 

U„V' = -JLJ^ • (56) 

The equation of the tangent arc at that extremity of the conju- 
gate diameter, for which the coordinates are 

a h 

^' zr — T-y> and y =z - d?', is x' y-^y'x n ah, (57) 

It may be observed that since 

^ + 0?"* = a% and y« +y'* =z h\ 

the sum of the squares of the tangents of two conjugate semidia- 
meters of a spherical conic is constant, 

§ 20. — To determine the lengths of the Arcs drawn from the 
Centre or Focus perpendicular to Tangent Arc at the Point a/, y^. 

Let A be the arc drawn from the centre, perpendicular to the 
tangent arc at the point ^, y : by the aid of formulae (9) and (52), 
we find 

a^¥ 

sin A zi: r 

Vo^ft* + o*^'«+ ft*ar^ 
and 

tan A =z 




'^«*y* + ^^ 

The last formula compared with (p^) shows that tan r^^ tan A = 
ab : that is 

In a spherical conic, the product of the trigonometric tangents of 
the perpendicular let fall from the centre of the conic on a tangent 
arc, and of the semidiameter conjugate to that which passes through 
the point of contact, is constant. 
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Let / be the arc drawn from the focus, whose coordinate is 
4- tan y, (= Of,) perpendicular to the tangent arc at the point 
x'y %f\ and let V be the arc drawn from the other focus, whose coor- 
dinate is — ai, perpendicular to the same tangent arc. Then, from 
formulas (9) and (52), we have 

sm / = ^ , (59) 

V (a*A* + a*y* + ^4?«)(l + aV) 



and 



'•^•^° + '^> (60) 

V («♦ ^ + a*^^ + ft* a?^) (1 + a« i«) 



Now, the quantity a* ft* + ^^y" + ^*'* ™*y ^® P^' '"^^ *^® iGtm 
a* ft* (1 + ft*) (a« — f»;r^): consequently, 

ft* 

sin I sin V zr r ?. (61) 

1 -f- a* ^ ' 

Therefore, in any spherical conic, the product of the sines of the 
arcs drawn from the two foci perpendicular to any tangent arc b 
constant. 

§ 21. — A spherical Conic being represented btf the Equation 
o*^ -f. b^a^zzzd^l^, to express the Distances g', g", of a Point 
a;\ y, on the Curve from the two Foci. 

To accomplish this we have only to put =±: as and 0, in place of 
x'^ and y, in formula (8) : we thus find 

'*" e - (1 + cw'f (62) 

Now the quantity ^a?'— oi)* -f. ^'^ (1 + a'l*) may be put into the 
form (a— or')*; we nave, therefore, 

and in like manner 

tan e'^ = - , ^ . (64) 

From the form of these two last equations it is plain that 

€'=:«— (tan) — ^lO?', and g"zz « + (tan) >— mt' ; 
hence 

c' + g" = 2«. (65) 

Therefore, the sum of the distances of any point on a spherical conic 
from the two foci is constant. 
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It is to be observed, that the tangent of the distance of any point 
x*^ y, on a spherical conic from either focus is a rational function 
of ^'. 

Had we employed formula ^7) instead of (8) we should have 
found the following values of sin ^' and sin ^'^ which we shall have 
occasion presently to refer to : 

sin g' =:   " ' . {^^\ 

V (1 + o« •«) (1 + ar« + y*) 



Since 



sine"= ""^'^ (67) 

sin I sin V 



sin ^ sin g"* 



if follows that the arcs drawn from the two foci to any point on the 
curve make equal angles with the tangent arc at that point. 

Let ^ denote the angle between either of these vector arcs and 
the tangent arc ; then we shall have 

. .^ sin ^ sin /^ 
sm'tf zz 



sin ff sin g"* 
Hence 

I 22. — Eqwiiion of the normal Arc of a spherical Conic. 

We find n-om equations (12) and (53) that the equation of the 
arc passing through the point x', y'^ and perpendicular to the arc 
which joins the points of contact of the two tangent arcs drawn to 
the conic from tne point x^y y'^ is 

y—y* -, y ^*0 +^*) _ ysin»46 

^-;r'~"jir'6«(l +a«)""ar'sin«/3* ^ ^ 

If the point x^^ y'^ be on the curve, this same equation becomes 
that of the normal arc at the point. 

By making y and x successively =: in (69), we find the coordi- 
nates x'^ and y, of the points in which the arc represented by equa- 
tion (69) meets the greatest and least diameters to be 

€»« — 6* ft* — a« 

But the arc which joins the points of contact of the two tangent arcs 

p 
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drawn to the conic from the point oe^^ y, meets the greatest and 
least diameters in points whose coordinates or, and y^^ are given by 
the equations 

47, = -, andy, = -. 

comparing these values' with those of or" andy, given in (70), we 
have 



«* - ** 
x"x^= ^ ^^ = tanV> 

6* — o« 
y" y^ z= •= =: — sin*y. 



(71) 



These last equations show, that if two tangent arcs be drawn from 
any point to a spherical conic, and another arc be drawn from the same 
point perpendicular to the arc which joins the points of contact, these 
two arcs, which are at right angles to each other, will meet either 
of the principal diameters of the conic in two points, the product of 
the coordinates of which is constant. 

Hence, if two tangent arcs be drawn to a spherical conic, and if 
the arc joining the points of contact touch a second spherical conic 
which has the same foci as the first, the arc joining the point of con- 
course of the tangents to the first conic with the point of contact on 
the second curve, will be a normal to the latter. 

As a particular case of the last theorem we may deduce the fol- 
lowing : 

Any arc passing through the focus of a spherical conic is perpen- 
dicular to the arc joining that focus with the point of concourse of the 
tangent arcs drawn to the conic at the two points in which the arc 
passing through the focus meets the curve. 

It appears from (51), that equation (69) is the same for all sphe- 
rical conies which have the same cyclic arcs. Hence, if tangent arcs 
be drawn to one of two biconcyclic conies from a point on the other, 
the arc drawn from that point perpendicular to the arc joining the 
points of contact on the first conic, will be a normal to the other 
curve. 

Equations (70) show that if any number bf spherical conies, which 
have the same cyclic arcs, be cut by an arc' perpendicular to either 
of the principal diameters common to all the curves, the normals at 
the points in which this arc meets the several conies will all pass 
through the same point on that principal diameter. 

In order to find the length of the normal arc v, drawn from the 
point x'y y\ to meet the greatest diameter we must put in (8) 
yti -— 0^ j^jjjj ^' =z 8* or' ; (see 70) : thus we obtain 

tan , _ ———-- , 
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to this expression we may give an elegant and symmetrical form ; for 

the numerator in the value of tanS may, therefore, be written thus, 

^ Ix^ (1 - 1^) (1 + a« I') + (a* - ^'«) (1 + 1^ ^'*)], 
which is evidently equal to 

^.(a«-.«:r«)(l+,«^«). 

Expunging the common factor 1 -|- c* ;i/^ and observing that 

a* b* + a*^'« + ft* ^'* =: a* 6« (1 + 6«) (a« — «« ^«), 

and 

1 + jp/« +^/« — (1 4- 6«) (1 + g« ^r'*), (72) 



we obtain finally 



tan., = °'':+°'f + !?". (73) 

a*(l+^«+y«) ^ ' 



In like manner we find the length of the normal arc y^ drawn from 
the point ^, y, to meet the least diameter. 

It is evident that 

tan I ft* 



tan f' 



From equations (68), (73), and (74) we have 

tan y sin tf 1= ^ jp, and tan y^ sin 6:z:a. 

Hence, since the angle between the normal and either of the 
focal vector arcs drawn to the point jc% y, is the complement of 6y 
we derive the following theorem. 

From the points where the normal to a spherical conic meets its 
greatest and least diameters, if arcs be drawn perpendicular to either 
of the focal vector arcs passing through the point on the curve at 
which the normal is drawn, these arcs will cut off constant portions 
from the vector arc. 
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Comparing equations (66) and (67) with (73) and (74) we find 
tan 9 tan / = sin ^ sin ^' (1 4- a')* (75) 

Let us denote by ^ the angle between the normal and the arc 
drawn from the centre to the point ar', %fy then we shall have 

sin A = sin r* cos Z^ and sin a tan fznb*^ cos r' ; 

therefore, 

tan 9 tan r' cos ^ zz. 6*. (76) 

Consequently, if we denote by { the portion cut off from the normal 
by a perpendicular let fall upon it from the centre, we obtain 

tan » tan { = 5'. (77) 

§ 23. — Equations of the director Arcs of a spherical Conic. 

The director arc of a spherical conic is the locus of the point of 
concourse of the two tangent arcs drawn to the conic at the points 
where any arc passing through the focus meets the curve. 

The equations of the director arcs corresponding to the two foci 
are found from (53) to be 

x=±-. (78) 

f 

In formula (9), let us make 

/8 = 0, and at zz: ± -, 

a 

and it will give for the value of the sine of the perpendicular k let 
' fall from the point ^, y', on the director arc 

sin K :n a^^ .^^. 

\/(a« + i«)(l + a?'« + ^'») 

Comparing this equation with (66) and (67), we see that the sines of 
the distances of any point on the conic from a focus and the corres- 
ponding director arc are to each other in a constant ratio. If m be 
the exponent of this ratio, 

§ 24. — Equation of the spherical Conic supplementary to the one 
represented by the Equation 

a^f + h^x^z=ia''h\ 

The spherical curve supplementary to a given one is the locus of 
the poles of ail the great circles which touch the given curve. 
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The equation of the tangent arc at the point a?', y\ to the conic 
represented by the equation a* ^* -|- 6* ^ n: a* 6*, has been shown 
to be 

The coordinates of the pole of this circle or" and y'\ are by (2) 

«"z=-'^,w^Ay"=-^. (81) 

Hence, putting the values of ^ and y' found from these last equa- 
tions in o* y^ 4- ^ ^ = ®* ^> ^^^ removing the accents from 
x'' and y^'^ as no longer necessary, we find the equation of the pro- 
posed locus to be 

5«3^« + a«^ = l; (82) 

as the equation of the given conic may be written in Ihe form 

it is plainly supplementary to the conic represented by the equa- 
tion (82). 

Since a > 5, the foci of the siipplementary conic are on the 
least diameter of the given one. Let us denote the greatest and 
least semidiameters of the supplementary conic by »^ and /S', and 
the distance between its foci by 2)/ ; then we shall plainly have 

«' -I- /8 = a + /8' = 90O, 

so that 

costf^ sin/8 

cos y' =: ; zz -: = sm ^. 

cos fi' sm a 

Therefore, the foci of the supplementary conic are the poles of the 
cyclic arcs of the given conic : and, since the curves are mutually 
supplementary, the foci of the given conic are the poles of the 
cyclic arcs of the supplementary one. 

But we may prove the existence of a more general relation be- 
tween the two curves in the following manner : 

The equation of the locus of the point of concourse of tangents 
drawn to the given conic at the points in which any arc passing 
through the point ^', y', meets the curve, being 

a*y ^ -^ h* x' X in c^ b* \ 
the coordinates of the pole of this great circle are 
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Again, the equation of the locus of the point of concourse of 
tangents drawn to the supplementary conic at the points in which 
any arc passing through the point whose coordinates are 

, and — T-, 

meets the curve, will he 

and the coordinates of the pole of this great circle are »' and y . 

Thus, we have proved that to a point and its polar arc, with 
relation to a given spherical conic, correspond an arc and its pole 
with relation to the supplementary conic. It appears fi'om this 
that to a focus and its director arc in a given conic, correspond a 
cyclic arc in the supplementary conic, and its pole with relation to 
that curve. 

The two supplementary conies heing thus connected, we are 
able, when a theorem has been proved with relation to points and 
arcs belonging to a spherical conic, to deduce from it at once 
another theorem relating to the corresponding arcs and points be- 
longing to the supplementary conic. 

§25. — EvoVaie and osculating Circle of a spherical Conic. 
By differentiating the equation (37) twice we should find 

y'dx* — x'ay zn — ^. 

a^h^ JL a* v^ -4- ft* x^ 

da;^ + dtf» + (jp'dfy - tf^da/y z=z ^ /^/ da:^K (83) 

a y 

^^f + y (^'dxf - x'dy') = (1 + y) dx", 

dy'd^x^^dx^d^y^-^-^. (84) 

Making these substitutions in formulae (20), and observing that 

a* ft* + a*y« + 6* ;p'*=: a«6« (1 + 6*) (a« - s'^'*), 

and 

(1 + *« + ^«) = (1 + 6») (1 + *« ««). 
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We obtain finally the coordinates of the centre of the osculating 
circle 

o« — 6« 6« — o« 

So that the equation of the evolute will be 



©'+{D*='- 



where 

a« - 6« ^ _ , 5« - a* 

* ^^ — 7i — : — TiTi aiid o' n: , .. . — rr-. 
a (1 + 6*)' 6(l + o«) 

Substituting from (83) and (84) in formula (22), we get for the 
semidiameter of the osculating circle 

_ (g*&*4-a*y^4-fe*jc^*)? _ tan^ 
*^^— «*&*(I + ^« + ^'*)i ""^* • 

§ 26. — Rectification and Quadrature of a spherical Conic, 
The formula already given (24) for the differential of the arc 

of a spherical curve becomes, when we put in their values (83) and 

(72) for 



and 



dx^ + %« + (^'dfy - 3^'rf^)*, 

i + x^ + y% 

, hdxy/a^ — i*^ 
ds = = . 



a^l +6«(1 + i'^*)^ 

Let us make ;r = a sin ^, then, by the equation of the conic 
(37), yz=.h cos f ; and the differential may be brought into the fol- 
lowing form 



o V 1 + 6« 11 + aU^ sin^$ ^ Vl - 1* sinV ' 

The arc is, therefore, represented by means of two elliptic integrals 
of the first and third orders, having i for their common modulus ; 
the parameter of the latter being a* f*. 

To find the area of the conic we may employ the formula (36). 
In it let us make 

xzz.a cos 6y and ^ zz 6 sin ^, 



d^ 
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as the equation of the conic permits, then we shall have 

d (area) zr =!=:= si-"" " — — — — — 

oVl+a«C l-sin*a8in**^ Vl-sinVsin** 

The area may, therefore, he made to depend upon two elliptic 
integrals of the first and third orders ; the parameter of the latter 
heing — sin^AC, and their common modulus siny. 

It may he ohserved, that the elliptic integred of the third order 
which presents itself in the quadrature of a spherical conic is of 
the circular and not of the logarithmic kind, smce sin*« is inter- 
mediate between siti'y and 1. 



THE END. 



